BIT 0006-3835/98/3804-0101 $12.00 1998, Vol. 38, No. 2, pp. 101–104 © Swets & Zeitlinger

EXPRESSIONS AND BOUNDS FOR THE GMRES RESIDUAL^�

I.C.F. Ipsen y

Department of Mathematics, North Carolina State University Raleigh, NC 27695-8205, USA ipsen@math.ncsu.edu http://www4.ncsu.edu/~ipsen/info.html

Abstract.

Expressions and bounds are derived for the residual norm in GMRES. It is shown that the minimal residual norm is large as long as the Krylov basis is well-conditioned. For scaled Jordan blocks the minimal residual norm is expressed in terms of eigenvalues and departure from normality. For normal matrices the minimal residual norm is expressed in terms of products of relative eigenvalue differences.

AMS subject classification: 15A03, 15A06, 15A09, 15A12, 15A18, 15A60, 65F10, 65F15, 65F20, 65F35.

Key words: linear system, Krylov space methods, GMRES, MINRES, Vandermonde matrix, eigenvalues, departure from normality.

1 Introduction.

The generalised minimal residual method (GMRES) [34, 39] (and MINRES for Hermitian matrices [33]) is an iterative method for solving systems of linear equations Ax = b. The approximate solution in iteration i minimises the twonorm of the residual b − Az over the Krylov space span{b, Ab, . . ., A^{i−1}b}.

The goal of this paper is to express this minimal residual norm in terms of eigenvalues and departure of A from normality. Although it is known that the convergence of GMRES for a non-normal matrix is not determined by eigenvalues alone [1, 20, 30, 31, 12], our expressions for the residual norms of scaled Jordan blocks in §3 represent the first quantitative dependence of the minimal residual norm on the non-normality of the matrix.

Often the residual norm in Krylov space methods is bounded in terms of polynomials. With regard to GMRES, upper bounds on the residual norm in terms of polynomials are given in [4, 30, 34], and the tightness of these bounds is examined in [19, 21, 36]. Convergence analyses based on Ritz values are given in [5, 32, 38]. The case of nearly singular matrices is analysed in [3], and comparisons with other methods are made in [2, 25]. The approach here is different because we ignore the way GMRES is implemented (e.g. via Arnoldi’s

�Received February 1999. Revised . Communicated by .

yThis research was supported in part by NSF grants CCR-9400921 and DMS-9714811.

102 I.C.F IPSEN

method) and we do not use polynomials to derive the bounds. Instead we exploit structure in the Krylov matrix.

1.1 Overview

In §2 the minimal residual norm is expressed in terms of the pseudo-inverse of the next Krylov matrix. In §3 the minimal residual norm of a scaled Jordan block is expressed in terms of eigenvalues and departure from normality. In §4 it is shown that the minimal residual norm for normal matrices is proportional to a product of relative eigenvalue diffferences. In §5 the current minimal residual norm is related to the previous one.

1.2 Notation

The norm ‖ · ‖ is the Euclidean two-norm, or spectral norm. The identity matrix of order k is I_k ≡ ( e_1 . . . e_k ) with columns e_i. The conjugate transpose of a matrix K is K^∗; and the Moore-Penrose inverse of a full column rank matrix K is K^† ≡ (K^∗K)^{−1}K^∗.

Let A be a complex square matrix and b ≠ 0 a column vector. The Krylov space in iteration i is K_i ≡ span{b, Ab, . . ., A^{i−1}b}, i ≥ 1, and the corresponding Krylov matrix is K_i ≡ ( b Ab . . . A^{i−1}b ) , i ≥ 1. 2 Nothing Happens as Long as the Krylov Basis is Well-Conditioned.

It is shown that the minimal residual norm is related to the conditioning of the Krylov basis in the next larger space.

In iteration i a minimal residual method wants to find a vector z ∈ K_i that makes ‖b − Az‖ small. But z ∈ K_i means that z = K_iy for some y, hence ‖b − Az‖ = ‖b − AK_iy‖. However since K_{i+1} = ( b AK_i ), making the residual norm small means approximating the first column of K_{i+1} by the remaining columns. If the residual norm can be made small then the columns of K_{i+1} must be almost linearly dependent, which means ‖K^†_{i+1}‖ is large.

Theorem 2.1. If K_{i+1} has full column rank then min_{z∈Ki} ‖b − Az‖ = 1 ‖e^∗_1K^†_{i+1}‖ . Proof. Let B = ( b B_1 ) be a matrix with leading column b, and let y be the solution to the least squares problem min_z ‖b − B_1z‖. With r ≡ b − B_1y one obtains [6, §8], [7, §5], [35, §§3,4]

e^∗_1B^† = 1 ‖r‖^2 (b^∗ − y^∗B^∗_1 ) = r^∗ ‖r‖^2 .

GMRES RESIDUAL 103

The proof follows by setting B = K_{i+1} and B_1 = AK_i.

Therefore if the columns of the next Krylov matrix are very linearly independent then the residual norm in the current iteration must be large. This can happen, for instance, with circulant matrices [2, Example 3.1], [30, Example C].

Corollary 2.2. If K_{i+1} has full column rank then min_{z∈Ki} ‖b − Az‖ ‖b‖ ≥ 1 ‖K_{i+1}‖ ‖K^†_{i+1}‖ .

This means there is no convergence as long as the Krylov basis is well-conditioned. The following example illustrates that the bound in Corollary 2.2 can be tight for all iterations. In Ax = b let

A = 1 ω .. . ω^{n−1} , b = 1 . . 1 ,

where ω ≡ e^{2π√−1/n} is the nth root of unity. In the last iteration the Krylov matrix is K_n = √ nF_n, where F_n is the Fourier matrix. Hence ‖e^∗_1K^{−1}_n ‖ = 1/ √ n. Therefore the residual norms remain maximal until the last iteration min_{z∈Ki} ‖b − Az‖ ‖b‖ = 1 = 1 ‖K_{i+1}‖ ‖K^†_{i+1}‖ , 1 ≤ i ≤ n − 1.

3 The Residual Norm Depends on the Departure From Normality.

It is shown that for a scaled Jordan block the minimal residual norm depends on how large the departure from normality is compared to the eigenvalue magnitude.

Let A be a scaled Jordan block of order n,

A ≡ λ η λ .. . .. . η λ .

The two-norm departure from normality [23, §1.2] of A is |η|. When η ≠ 0 then A is diagonally similar to a Jordan block, i.e. A = XJX^{−1}, where

J ≡ λ 1 λ .. . .. . 1 λ , X ≡ 1 1/η . . . 1/η^{n−1} ,

and the eigenvalue λ is maximally defective. When λ = 0 and η ≠ 0 no solution to Ax = b lies in a Krylov space [28, Theorem 2], so the interesting case is λ ≠ 0.

104 I.C.F IPSEN

Construct an upper triangular Toeplitz matrix T of order n from the righthand side b = ( b_1 . . . b_n )^T , and let T_{i+1} be the trailing i + 1 columns of T ,

T ≡ b_n . . . b_2 b_1 .. . b_2 .. . . . b_n , T_{i+1} ≡ T ( 0 I_{i+1} ) .

Theorem 3.1. Let A be a scaled Jordan block with λ ≠ 0. If K_{i+1} has full column rank then min_{z∈Ki} ‖b − Az‖ ‖b‖ = c_{i+1} |τ |^i √ 1 + |τ |^2 + · · · + |τ |^{2i} , τ ≡ η λ , where the constant c_{i+1} depends only on i and b, and 1 ‖b‖ ‖T^†_{i+1}‖ ≤ c_{i+1} ≤ ‖T_{i+1}‖ ‖b‖ ≤ √ i + 1.

Proof. The idea is to factor the Krylov matrix

K_{i+1} = T ( 0 Z ) D = T_{i+1}ZD, where D ≡ 1 λ .. . λ^i and

Z ≡ 0 0 0 τ^i 0 0 0 .. . α_{i,i−1}τ^{i−1} 0 0 τ^2 .. . . . 0 τ α_{21}τ . . . α_{i1}τ 1 1 1 . . . 1 ,

with elements

α_{21} = 2 α_{i1} = 1 + α_{i−1,1}, 2 ≤ i α_{ij} = α_{i−1,j−1} + α_{i−1,j}, 2 ≤ i, 2 ≤ j ≤ i − 2 α_{i,i−1} = α_{i−1,i−2} + 1, 2 ≤ i. That is, α_{ij} = (_i j ) , i ≥ 1. Hence

‖e^∗_1K^†_{i+1}‖ = ‖e^∗_1D^{−1}Z^{−1}T^†_{i+1}‖ = ‖e^∗_1Z^{−1}T^†_{i+1}‖.

GMRES RESIDUAL 105

This together with Theorem 2.1 implies min_{z∈Ki} ‖b − Az‖ ‖b‖ = c_{i+1} 1 ‖e^∗_1Z^{−1}‖ , where 1 ‖b‖ ‖T^†_{i+1}‖ ≤ c_{i+1} ≤ ‖T_{i+1}‖ ‖b‖ . To express ‖e^∗_1Z^{−1}‖ in terms of τ , factor Z = P ΔR, where

P ≡ 1 .. . 1 , Δ ≡ 1 τ .. . τ^i ,

and

R ≡ 1 1 1 . . . 1 1 α_{21} . . . α_{i1} .. . .. . . . .. . α_{i,i−1} 1 .

Hence e^∗_1Z^{−1} = e^∗_1R^{−1}Δ^{−1}P^T . An induction using the recurrences for α_{ij} shows

e^∗_1R^{−1} = ( 1 −1 . . . −(−1)^{i+1} ) ,

which implies

e^∗_1R^{−1}Δ^{−1} = ( 1 −τ^{−1} . . . −(−1)^{i+1}τ^{−i} ) .

Hence

‖e^∗_1Z^{−1}‖^2 = i∑ l=0 |τ |^{−2i} = |τ |^{−2i} ( 1 + |τ |^2 + · · · + |τ |^{2i} ) .

The following examples illustrate values for c_{i+1} in Theorem 3.1. When b is a canonical vector, i.e. b = e_k, then c_{i+1} = 1.

When all elements of b have the same value, i.e. b = βe, then c_{i+1} ≥ 1/ √ 2(i + 1). This follows from the fact that ‖T^†_{i+1}‖ ≤ ‖T^{−1}_{i+1,i+1}‖, where T_{i+1,i+1} contains the trailing i+1 rows of T_{i+1}, and T^{−1}_{i+1,i+1} is an upper bidiagonal matrix with 1/β on the diagonal and −1/β on the superdiagonal.

When b is of the form b = ( b_1 . . . b_k 0 )^T , where b_k is an element of largest magnitude in b, then c_{i+1} ≥ 2^{−i}/ √ k. This follows from the bound [24, Theorem 8.13] ‖T^{−1}_{i+1,i+1}‖ ≤ 2^i/|β_k|.

Corollary 3.2. Let A be as in Theorem 3.1. If |η| ≥ |λ| then min_{z∈Ki} ‖b − Az‖ ‖b‖ ≥ c_{i+1} 1 √ i + 1

106 I.C.F IPSEN

and if |η| ≪ |λ| then min_{z∈Ki} ‖b − Az‖ ‖b‖ ≈ c_{i+1} | | | η λ | | |^i . This means the residual norms decrease slowly when the scaled Jordan block is highly non-normal (|λ| ≤ |η|), while they decrease faster when the Jordan block is only weakly non-normal (|λ| ≫ |η|).

4 Normal Matrices.

For normal matrices it is shown that the minimal residual norm in iteration i is proportional to a product of i relative eigenvalue separations.

Let A be a normal matrix of order n with eigenvalue decomposition

A = Q λ_1 .. . λ_n Q^∗,

where Q is unitary, and let β_i be the norm of the orthogonal projection of b onto the eigenspace associated with λ_i. Denote by d the number of distinct eigenvalues of A minus the eigenvalues of A whose eigenspace is orthogonal to b.

Theorem 4.1. If A is normal and 1 ≤ i ≤ d − 1 then

min_{z∈Ki} ‖b − Az‖ ‖b‖ = c_{i+1} min 1≤j≤i+1 β_j ‖b‖ i+1∏ l=1,l≠j |λ_l − λ_j | |λ_l| ,

where 1/ √ i + 1 ≤ c_{i+1} ≤ √ (i + 1)(d − i), and λ_1, . . . , λ_{i+1} are i + 1 distinct eigenvalues of A that maximise i+1∏ j=1 β_j i+1∏ l=j+1 |λ_l − λ_j|.

In particular^1 c_d ≤ 1.

Proof. The idea is to factor the Krylov matrix as K_{i+1} = QDV_{i+1}, where

D ≡ b_1 . . . b_n , V_{i+1} ≡ 1 λ_1 . . . λ^i_1 . . . . . . 1 λ_n . . . λ^i_n .

Here V_{i+1} is a n × (i + 1) Vandermonde matrix, and

b_1 . . b_n = Q^∗b. 1We thank Anne Greenbaum for this observation.

GMRES RESIDUAL 107

Hence ‖e^∗_1K^†_{i+1}‖ = ‖e^∗_1(DV_{i+1})^†‖. Before proceeding with the action in the proof we remove redundant quantities in DV_{i+1}.

First remove rows with multiple eigenvalues in V_{i+1} to create a Vandermonde matrix with distinct nodes. Suppose λ_j = λ_k so that rows j and k of V_{i+1} are identical. Eliminate one of these rows in DV_{i+1}, say row k, by a plane rotation P_{jk}, P_{jk} ( b_j b_k ) ( λ_j λ^2_j . . . λ^i_j ) = ( γ 0 ) ( λ_j λ^2_j . . . λ^i_j ) ,

where γ = √ |b_j|^2 + |b_k|^2. Aside from introducing a zero row, the plane rotation P_{jk} preserves the Vandermonde structure. At last, permute zero rows to the bottom of the matrices. The whole transformation can be expressed as a unitary matrix U , ( D̂V̂_{i+1} 0 ) = U DV_{i+1}, where

D̂ = β_1 .. . β_d is a non-singular diagonal matrix, and V̂_{i+1} is a d × (i + 1) Vandermonde matrix with distinct nodes λ_j, 1 ≤ j ≤ d. Fortunately the unitary transformation does not do any harm,

‖e^∗_1K^†_{i+1}‖ = ‖e^∗_1(DV_{i+1})^†‖ = ‖e^∗_1(D̂V̂_{i+1})^†‖.

Now we are back to the action. Let P be a permutation matrix such that

P D̂V̂_{i+1} = ( S B ) = ( I Z ) S, Z ≡ BS^{−1}, where S has order i + 1 and | det(S)| is maximal. Hence

‖e^∗_1(D̂V̂_{i+1})^†‖ = ‖e^∗_1S^{−1} ( I Z )_† ‖ and ‖e^∗_1S^{−1}‖/‖ ( I Z ) ‖ ≤ ‖e^∗_1(D̂V̂_{i+1})^†‖ ≤ ‖e^∗_1S^{−1}‖ ‖ ( I Z )_† ‖. With σ_{min}(·) denoting the smallest singular value of a matrix one obtains [16, §2] ‖ ( I Z )_† ‖ = 1 √ 1 + σ_{min}(Z)^2 ≤ 1, and ‖ ( I Z ) ‖ = √ 1 + ‖Z‖^2.

108 I.C.F IPSEN

Since | det(S)| is maximal, one can show as in the proof of [22, Lemma 3.1] that |Z_{lk}| ≤ 1. Hence [15, (2.3.8)] 1 + ‖Z‖^2 ≤ (i + 1)(d − i). This, together with Theorem 2.1, yields min_{z∈Ki} ‖b − Az‖ = d_{i+1} ‖e^∗_1S^{−1}‖ , where 1 ≤ d_{i+1} ≤ √ (i + 1)(d − i). In the case when i = d − 1 then Z = 0 and d_{i+1} = 1.

Now bound ‖e^∗_1S^{−1}‖ by an element of largest magnitude, max 1≤j≤i+1 |(S^{−1})_{1j}| ≤ ‖e^∗_1S^{−1}‖ ≤ √ i + 1 max 1≤j≤i+1 |(S^{−1})_{1j}|. Hence min_{z∈Ki} ‖b − Az‖ = c_{i+1} min_{1≤j≤i+1} 1 |(S^{−1})_{1j}| . Since S is a submatrix of D̂V̂_{i+1}, one can write S = D̃Ṽ_{i+1}, where D̃ ≡ β_1 .. . β_{i+1} , Ṽi+1 ≡ 1 λ_1 . . . λ^i_1 . . . . . . 1 λ_{i+1} . . . λ^i_{+1}

for eigenvalues λ_j and components β_j , 1 ≤ j ≤ i + 1, that maximise

| det(S)| = i+1∏ j=1 β_j i+1∏ l=j+1 |λ_l − λ_j |. Using the expressions for elements in the first row of the inverse of a Vandermonde matrix [17, Theorem 1] gives

|(S^{−1})_{1j}| = 1 β i+1∏ l=1,l≠j |λ_l| |λ_l − λ_j| .

Theorem 4.1 suggests that GMRES converges fast for all normal matrices whose eigenvalues have small pairwise relative distances. In early iterations the minimal residual norm depends on eigenvalues that are far apart in an absolute sense. This suggests (in the absence of any information about b) that GMRES and MINRES tend to process outlying, far-apart eigenvalues first. In this sense Theorem 4.1 corroborates the convergence model for GMRES in [4]. After d iterations, GMRES has found the exact solution and z ∈ K_d solves Ax = b. This is well-known [34, Proposition 2], [28, §10] because d is the degree of the minimal polynomial of b with respect to A.

It is not obvious how the expression in Theorem 4.1 compares to existing polynomial bounds for GMRES. For instance, specializing the bound [34, Proposition 4], [30, §3] for diagonalizable matrices to normal matrices gives min_{z∈Ki} ‖b − Az‖ ‖b‖ ≤ min_{pi} max_{1≤j≤n} |p_i(λ_j)|,

GMRES RESIDUAL 109

where the minimum ranges over all polynomials p_i(λ) of degree i with p_i(0) = 1, and the maximum ranges over all n eigenvalues. This bound does not depend on b. In contrast, Theorem 4.1 can be written as min_{z∈Ki} ‖b − Az‖ ‖b‖ = c_{i+1} min 1≤j≤i+1 { β_j ‖b‖ |p_{ij}(λ_j)| } , where p_{ij}(λ) = i+1∏ l=1,l≠j |λ_l − λ| |λ_l| , 1 ≤ j ≤ i + 1, are polynomials of degree i with p_{ij}(0) = 1. This expression depends on b because the eigenvalues λ_1, . . . , λ_{i+1} are chosen to maximise i+1∏ j=1 β_j i+1∏ l=j+1 |λ_l − λ_j|. As a result, the maximum ranges only over a subset of i + 1 eigenvalues. The form of the polynomials is the same as in [34, Theorem 5], min_{z∈Ki} ‖b − Az‖ ‖b‖ ≤ ( R C )_{i−k} max k+1≤j≤n k∏ l=1 |λ_l − λ_j | |λ_l| , where λ_1, . . ., λ_k are eigenvalues of A with non-positive real parts and all other eigenvalues are situated in a circle with center C > 0 and radius R < C.

According to [8, §1] ‘Vandermonde matrices have a reputation of being ill conditioned. This reputation is well-deserved for Vandermonde matrices whose nodes are real’. In particular, the condition number of a Vandermonde matrix grows exponentially when the nodes are positive [14, §2], or are located symmetrically around the origin on the real line [14, §3], or are either all less than one in magnitude or larger than one [37, §4]. This explains why GMRES and MINRES can converge fast (in exact arithmetic) when the matrix is positive-definite or even indefinite. The example at the end of §2 illustrates that allowing complex nodes makes it easier to construct well-conditioned Vandermonde matrices [8, §1], which in turn produce large residual norms for many iterations.

When b has the same contribution in all eigenvectors, i.e. b = βQ^∗e, where e is the vector of all ones, Theorem 4.1 implies min_{z∈Ki} ‖b − Az‖ ‖b‖ = c_{i+1} min 1≤j≤i+1 i+1∏ l=1,l≠j |λ_l − λ_j | |λ_l| ,

where 1/ √ n(i + 1) ≤ c_{i+1} ≤ √ (i + 1)(d − i)/n, and λ_1, . . . , λ_{i+1} are i + 1 distinct eigenvalues of A that maximise i+1∏ j=1 i+1∏ l=j+1 |λ_l − λ_j|.

110 I.C.F IPSEN

For this particular case the following two examples illustrate how to interpret the bounds in Theorem 4.1 for different eigenvalue distributions.

In the first example A has one cluster of eigenvalues centered at a point c in the complex plane with radius ϵ > 0, and a single outlier c + δ. Then |δ| is the absolute distance between cluster and outlier. We make three assumptions: First the absolute separation between cluster and outlier is much larger than the absolute cluster radius, |δ| ≫ ϵ; second, the relative cluster radius is small, ϵ/|c| < 1; and third, the outlier is farther away from zero than the cluster, |c + δ| ≥ |c|. Then one can show [26, §5.2] that in iteration i, min_{z∈Ki} ‖b − Az‖ ‖b‖ ≈ | | | | δ c + δ | | | | ( ϵ |c| )_{i−1} , which suggests that the minimal residual norm decreases as a power of the relative cluster radius. This agrees with the bounds [4, Corollary 4.2] and [34, Theorem 5].

In the second example A has one cluster of eigenvalues centered at c and a second cluster centered at c + δ. The two clusters have the same number of eigenvalues and the same absolute cluster radius ϵ > 0. The absolute cluster separation is |δ|. We assume again that the absolute cluster separation is much larger than the absolute cluster radius, |δ| ≫ ϵ, and that one of the clusters has a small relative cluster radius, ϵ/|c| < 1. The minimal residual norm in iteration i is proportional to min_{z∈Ki} ‖b − Az‖ ‖b‖ ≈ min {| | | δ c | | | | , | | | | δ c + δ | | | | } | | | δ c | | | | i�1_2 ( ϵ |c + δ| )^i�^1_2 . The last factor represents a power of the relative cluster radius, and the preceding factors represent a power of the relative cluster separation. In contrast to the previous example, the relative cluster separation now has more influence on the residual norm. Again, this agrees with the more qualitative bound [4, Proposition 5.1].

These two examples suggest that, in general, indefinite matrices can produce larger residual norms than definite matrices because eigenvalues with opposite signs lead to larger relative cluster separations.

5 Relation Between Successive Residuals.

It is shown that successive minimal norm residuals are related by the sine of the angle between the current Krylov space and the new Krylov vector. Let ρ_i ≡ min_{z∈Ki} ‖b − Az‖ ‖b‖ be the relative residual in iteration i. An angle θ_i below is the largest principal angle between two subspaces [15, §12.4.3].

Theorem 5.1. If K_{i+1} has full column rank then

sin θ_i ρ_{i−1} ≤ ρ_i ≤ ρ_{i−1},

GMRES RESIDUAL 111

where 0 < θ_i ≤ π/2 is the angle between K_i and A^ib, and sin θ_i = ‖(I − K_iK^†_i )A^ib‖/‖A^ib‖.

Proof. Applying Lemmas 5.2 and 5.3 below to A ≡ K_{i+1}, B ≡ K_i, c ≡ A^ib and θ ≡ θ_i gives ‖e^∗_1K^†_{i+1}‖ ≤ ‖e^∗_1K^†_i ‖/ sin θ_i,

as well as the expression for sin θ_i. The proof follows with Theorem 2.1.

The circulant system

A = 0 1 0 .. . .. . 1 1 0 , b = 1 0 . . 0 ,

presents an extreme case, where each new Krylov vector is orthogonal to the previous Krylov space, until the very last iteration. That is,

K_i = ( e_1 e_n . . . e_{n−i+2} ) , A^ib = e_{n−i+1},

and K^†_{i+1}A^ib = 0. Hence (I−K_iK^†_i )A^ib = A^ib = e_{n−i+1} and sin θ_i = 1, i ≤ n−1.

In many GMRES implementations a least squares problems is solved in each iteration by reducing a Hessenberg matrix to upper triangular form via plane

rotations [34, §3.2], [18, §2.4]. At iteration i a plane rotation ( c_i s_i −s̄_i c_i ) is generated to eliminate the trailing element of the Hessenberg matrix. Successive residual norms satisfy ρ_i = |s_i|ρ_{i−1} [34, §3.2], [2, §4] (see also [29, Lemma 6]). Thus sin θ_i ≤ |s_i|, and the angle between the old space K_i and the new vector A^ib is bounded by the angle of the plane rotation in iteration i. Bounds on ratios of successive residuals also follow from [5, Theorem 6] and [13, §1] but we did not see how to relate them to sin θ_i.

Lemma 5.2. If A = ( B c ) has full column rank then

e^∗_1A^† = e^∗_1B^† (I − P ),

where P ≡ (1 − c^†BB^†c)^{−1} cc^†(I − BB^†) is an oblique projector.

Proof. If A has full column rank then e^∗_1A^† = e^∗_1(A^∗A)^{−1}A^∗. The partitioning of A gives A^∗A = ( B^∗B B^∗c c^∗B c^∗c ) .

112 I.C.F IPSEN

Since A^∗A is Hermitian, the first row of the inverse is [9, (4)] e^∗_1(A^∗A)^{−1} = e^∗_1S^{−1} ( I −(c^∗c)^{−1}B^∗c ) , where S is the Schur complement S ≡ B^∗B − B^∗c (c^∗c)^{−1} c^∗B = B^∗B − B^∗cc^†B. Hence the first row of the pseudo-inverse can be expressed as

e_1A^† = e^∗_1S^{−1}(B^∗ − B^∗c(cc^∗)^{−1}c^∗) = e^∗_1S^{−1}B^∗(I − cc^†). Applying the Sherman-Morrison Woodbury formula [15, (2.1.4)] to S^{−1} gives S^{−1} = (B^∗B)^{−1} + α^{−1} B^†cc^†B(B^∗B)^{−1}, where α ≡ 1 − c^†B(B^∗B)^{−1}B^∗c = 1 − c^†BB^†c. Since A has full column rank, its columns are linearly independent and c does not lie in range(B). Hence α ≠ 0. Substitute the expression for S^{−1} into the expression for e^∗_1A^†,

e^∗_1A^† = e^∗_1 [ (B^∗B)^{−1} + α^{−1} B^†cc^†B(B^∗B)^{−1} ] B^∗(I − cc^†) = e^∗_1B^† (I + α^{−1}cc^†BB^†)(I − cc^†), and multiply the last two factors to get (I + α^{−1}cc^†BB^†)(I − cc^†) = I − P. Since P^2 = P , P is a projector.

Lemma 5.3. If A = ( B c ) has full column rank then ‖e^∗_1A^†‖ ≤ ‖e^∗_1B^†‖/ sin θ, where 0 < θ ≤ π/2 is the angle between range(B) and c, and sin θ = ‖(I − BB^†)c‖/‖c‖.

Proof. The previous lemma implies e^∗_1A^† = e^∗_1B^†(I − P ), where P = α^{−1} cc^†(I − BB^†), α = 1 − c^†BB^†c. Thus ‖e^∗_1A^†‖ ≤ ‖e^∗_1B^†‖ ‖I − P ‖. Since A has full column rank, c ≠ 0 and B ≠ I, and P has rank one. Hence [27, Corollary 5.3] ‖I − P ‖ = ‖P ‖ = ‖α^{−1}c‖ ‖(I − BB^†)c^†‖ = |α|^{−1}‖(I − BB^†)c‖/‖c‖.

GMRES RESIDUAL 113

But I − BB^† is the orthogonal projector onto the orthogonal complement of range(B). Hence [10, §6], [11, p 10] ‖(I − BB^†)c‖/‖c‖ = sin θ, and ‖I − P ‖ = |α|^{−1} sin θ. At last

α = 1 − c^∗BB^†c c^∗c = c^∗(I − BB^†)c c^∗c implies |α| = ( ‖(I − BB^†)c‖ ‖c‖ )_2

= (sin θ)^2.

Therefore ‖I − P ‖ = 1/ sin θ.

REFERENCES 1. M. Arioli, V. Pták, and Z. Strakos̆, Krylov sequences of maximal length and convergence of GMRES, BIT, 38 (1998), pp. 636–43.

2. P. Brown, A theoretical comparison of the Arnoldi and GMRES algorithms, SIAM J. Sci. Stat. Comput., 12 (1991), pp. 58–78.

3. P. Brown and H. Walker, GMRES on (nearly) singular systems, SIAM J. Matrix Anal. Appl., 18 (1997), pp. 37–51.

4. S. Campbell, I. Ipsen, C. Kelley, and C. Meyer, GMRES and the minimal polynomial, BIT, 36 (1996), pp. 664–75.

5. Z. Cao, A note on the convergence behaviour of GMRES, Appl. Numer.

Math., 25 (1997), pp. 13–20.

6. S. Chandrasekaran and I. Ipsen, Perturbation theory for the solution of systems of linear equations, Research Report 866, Department of Computer Science, Yale University, 1991.

7. , On the sensitivity of solution components in linear systems of equations, SIAM J. Matrix Anal. Appl., 16 (1995), pp. 93–112.

8. A. Córdova, W. Gautschi, and S. Ruscheweyh, Vandermonde matrices on the circle: Spectral properties and conditioning, Numer. Math., 57 (1990), pp. 577–91.

9. R. Cottle, Manifestations of the Schur complement, Linear Algebra Appl., 8 (1974), pp. 189–211.

10. C. Davis and W. Kahan, Some new bounds on perturbation of subspaces, Bull. Amer. Math. Soc., 75 (1969), pp. 863–8.

11. C. Davis and W. Kahan, The rotation of eigenvectors by a perturbation, III, SIAM J. Numer. Anal., 7 (1970), pp. 1–46.

12. T. Driscoll, K. Toh, and L. Trefethen, From potential theory to matrix iterations in six steps, SIAM Rev., 40 (1998), pp. 547–78.

13. V. Faber, W. Joubert, E. Knill, and T. Manteuffel, Minimal residual method stronger than polynomial preconditioning, SIAM J. Matrix Anal. Appl, 17 (1996), pp. 707–29.

114 I.C.F IPSEN

14. W. Gautschi and G. Inglese, Lower bounds for the condition number of Vandermonde matrices, Numer. Math., 52 (1988), pp. 241–50.

15. G. Golub and C. van Loan, Matrix Computations, The Johns Hopkins University Press, Baltimore, third ed., 1996.

16. W. Govaerts and J. Pryce, A singular value inequality for block matrices, Linear Algebra Appl., 125 (1989), pp. 141–8.

17. A. Greenbaum, Comparison of splittings used with the conjugate gradient algorithm, Numer. Math., 33 (1979), pp. 181–94.

18. , Iterative Methods for Solving Linear Systems, SIAM, Philadelphia, 1997.

19. A. Greenbaum and L. Gurvits, Max-min properties of matrix factor norms, SIAM J. Sci. Comput., 15 (1994), pp. 348–58.

20. A. Greenbaum, V. Pták, and Z. Strakos̆, Any nonincreasing convergence curve is possible for GMRES, SIAM J. Matrix Anal. Appl., 17 (1996), pp. 465–9.

21. A. Greenbaum and L. Trefethen, GMRES/CR and Arnoldi/Lanczos as matrix approximation problems, SIAM J. Sci. Comput., 15 (1994), pp. 359– 68. 22. M. Gu and S. Eisenstat, Efficient algorithms for computing a strong rankrevealing QR factorization, SIAM J. Sci. Comput., 17 (1996), pp. 848–69.

23. P. Henrici, Bounds for iterates, inverses, spectral variation and fields of values of non-normal matrices, Numer. Math., 4 (1962), pp. 24–40.

24. N. Higham, Accuracy and Stability of Numerical Algorithms, SIAM, Philadelphia, 1996.

25. M. Hochbruck and C. Lubich, Error analysis of Krylov methods in a nutshell, SIAM J. Sci. Comput., 19 (1998), pp. 695–701.

26. I. Ipsen, A different approach to bounding the minimal residual norm in Krylov methods, Tech. Rep. CRSC-TR98-19, Center for Research in Scientific Computation, Department of Mathematics, North Carolina State University, 1998. http://www4.ncsu.edu/~ipsen/linsys.html.

27. I. Ipsen and C. Meyer, The angle between complementary subspaces, Amer. Math. Monthly, 102 (1995), pp. 904–11.

28. , The idea behind Krylov methods, Amer. Math. Monthly, 105 (1998), pp. 889–99.

29. I. Moret, A note on the superlinear convergence of GMRES, SIAM j. Numer. Anal., 34 (1997), pp. 513–6.

30. N. Nachtigal, S. Reddy, and L. Trefethen, How fast are nonsymmetric matrix iterations?, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 778–95.

31. N. Nachtigal, L. Reichel, and L. Trefethen, A hybrid GMRES algorithm for nonsymmetric linear systems, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 796–825.

GMRES RESIDUAL 115

32. C. Paige, B. Parlett, and H. Van der Vorst, Approximate solutions and eigenvalue bounds from Krylov subspaces, Numer. Linear Algebra, 2 (1995), pp. 115–33.

33. C. Paige and M. Saunders, Solution of sparse indefinite systems of linear equations, SIAM J. Numer. Anal., 12 (1975), pp. 617–29.

34. Y. Saad and M. Schultz, GMRES: A generalized minimal residual algorithm for solving nonsymmetric linear systems, SIAM Sci. Stat. Comput., 7 (1986), pp. 856–69.

35. G. Stewart, Collinearity and least squares regression, Statist. Sci., 2 (1987), pp. 68–100.

36. K. Toh, GMRES vs. ideal GMRES, SIAM J. Matrix Anal. Appl., 18 (1997), pp. 30–6.

37. E. Tyrtyshnikov, How bad are Hankel matrices?, Numer. Math., 67 (1994), pp. 261–9.

38. H. Van der Vorst and C. Vuik, The superlinear convergence behaviour of GMRES, J. Comput. Appl. Math., 48 (1993), pp. 327–41.

39. H. Walker and L. Zhou, A simpler GMRES, Numer. Linear Algebra Appl., 1 (1994), pp. 571–81.