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UNIFORM STABILITY OF MARKOV CHAINS*
ILSE C. F. IPSENT AND CARL D. MEYERt

Abstract. By deriving a new set of tight perturbation bounds, it is shown that all stationary
probabilities of a finite irreducible Markov chain react essentially in the same way to perturbations
in the transition probabilities. In particular, if at least one stationary probability is insensitive in a
relative sense, then all stationary probabilities must be insensitive in an absolute sense. New measures
of sensitivity are related to more traditional ones, and it is shown that all relevant condition numbers
for the Markov chain problem are small multiples of each other. Finally, the implications of these
findings to the computation of stationary probabilities by direct methods are discussed, and the
results are applied to stability issues in nearly transient chains.
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1. Introduction. The purpose of this paper is to analyse the sensitivity of
individual stationary probabilities to perturbations in the transition probabilities of
finite irreducible Markov chains. In addition to providing perturbation bounds that
are much sharper than the traditional bounds, our analysis demonstrates that all
stationary probabilities in an irreducible chain react in a somewhat uniform manner
to perturbations in the transition probabilities. This property of uniform sensitivity
markedly distinguishes Markov problems from general linear systems. Examples are
presented in §3 to illustrate why a Markov problem should not be treated as just
another linear system.

Previous perturbation theory for irreducible chains focused on the derivation of
norm-based bounds of the following kind. Let P and P = P+ E be transition prob-
ability matrices with respective stationary probability vectors 77 and 7T satisfying

aTP=xT, #P=xT, §:7r,~=1=z7"ri.
[ 1

For suitable vector and matrix norms, it is known that
o — 77| < & Bl

where values for the condition number « can be derived in various ways. Schweitzer
(1968) derives a value for x from the fundamental matrix of Kemeny and Snell (1960)
whereas the group inverse A# of A = I — P is used by Meyer (1980), Golub and
Meyer (1986), Funderlic and Meyer (1986), Meyer (1994), Meyer and Stewart (1988),
Barlow (1993), and Stewart (1991). Seneta (1991) suggests using a coefficient of
ergodicity for .
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These norm-based bounds are not satisfying for two reasons. First, there exist
irreducible chains for which the bounds are not tight, so the condition number x may
seriously overestimate the sensitivity to perturbations. Secondly, the bounds generally
provide little information about the relative error |m; —#;|/m; in individual stationary
probabilities. We remedy this situation in §4 by deriving tight perturbation bounds for
individual stationary probabilities. On the basis of these bounds, we prove a uniform
sensitivity theorem saying that if at least one stationary probability has low relative
sensitivity, or if at least one large stationary probability has low absolute sensitivity,
then all probabilities have low absolute sensitivity.

In §5 we relate our measure of sensitivity to the traditional condition numbers for
the Markov problem, and we prove that all relevant condition numbers for the problem
7T A = 0 are small multiples of each other. After discussing the ramifications of the
perturbation results on direct methods for computing the stationary probabilities, we
consider the case of nearly transient chains in §§6 and 7. We show that under special
perturbations even small stationary probabilities may have low relative sensitivity. In
addition, we give conditions under which a nearly transient chain is absolutely stable
under general perturbations.

2. Norms and notation. Throughout the article the infinity-norm is exclu-
sively used for matrices and column vectors, and the one-norm is used for row vectors.
Since it will always be clear from the context whether a quantity is a matrix, column,
or row, the subscripts on || x || and || ||1 are suppressed. Row vectors will always
be transposed (e.g., 77 ), and column vectors will be untransposed. The jth column
of the identity matrix I is denoted by e; and the column of all ones is denoted
by e. The matrix P denotes the transition probability matrix of an n -state irre-
ducible Markov chain with stationary distribution 77 whose entries satisfy m; > 0
and > ,m; = 1. We define A = I — P and A# denotes the group inverse of A,
properties of which can be found in Campbell and Meyer (1991), Meyer (1975), and
Meyer (1982). The matrix P = P + E is a perturbation of P that represents the
transition matrix of another irreducible chain with stationary distribution #7. The
perturbation matrix E is not necessarily constrained to be small. We use E) to
denote the matrix obtained by deleting the jth column of E, and A; denotes the
principal submatrix obtained by deleting the jth row and column from A =1 — P.
Finally, we let N denote the matrix obtained by replacing the last column of A by
a column of ones.

3. Absolutely stable chains. The solution of a general ill-conditioned lin-
ear system Az = b need not be uniformly sensitive to small perturbations. Some
components of x can be sensitive while others are not. Furthermore, as shown in
Chandrasekaran and Ipsen (1992), the sensitivity of the z;’s need not be a result of
their size. Our purpose is to demonstrate that this cannot happen for Markov chains,
but first it is important to distinguish between absolute sensitivity and relative sensi-
tivity in the Markov chain setting,.

Ezxample 3.1. For the three-state chain whose transition matrix is

0 l1—¢ €
Ple)=]1-¢ 0 €],
1 0 0

the associated stationary distribution is

1 1—€ €
(€)= <(2——e)(1+6)’ 2-¢e)(1+¢€)’ 1+e)'
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If P = P(107%) is perturbed to become P = P(10~%), then the magnitude of the
perturbation E =P — P is

IE|| = 2(107* — 1078).
Consider the change in the respective stationary distributions
7T =77(1078) and #7 =#T(107%).
The absolute change (the change relative to 1) in w3 is

o 1070-107 e s LB

(1+10-%) (1 + 10-8) 2

108 10~
141078 1+10*

|73 — 73] =I

but the relative change (the change relative to the original value) is

|, 107t (1+1078)

T3 — 7 _
- 10-8 (1 +10—4)

~ 10

T3

If the change in probabilities is assessed in an absolute sense by comparing it to 1,
then 3 is not at all sensitive to the perturbation because the change of magnitude
IE]| in the transition probabilities produces a change in w3 of only |E||/2. We say
that w3 is absolutely insensitive. But if the change in probabilities is assessed in a
relative sense then the change in w3 is large, so w3 is relatively sensitive. As for the
sensitivity of the other two probabilities 7; and mg, if aﬁ is element (%,7) in the
group inverse A# of A =I— P, then, as shown by Funderlic and Meyer (1986), the
absolute error in the jth stationary probability is bounded by

|mj — 75 S wNEN, K= mgxlaﬁl-

In this example, max;_; |af;~| < 1, so all three stationary probabilities are insensitive in
the absolute sense. Because m; and o are both very close to .5, they are insensitive
in the relative sense as well. This example motivates the following definition.

DEFINITION 3.1. An érreducible chain is said to be absolutely stable whenever
each m; is insensitive to perturbations in P in the absolute sense; i.e., whenever
there is a small constant k such that for all perturbations E,

wj — 7| < k|\E|| for each 1 <j<n,
j j

where the term “small” is to be interpreted in the context of the underlying application.

Sufficient conditions for absolute stability are well-known. The results in Barlow
(1993), Funderlic and Meyer (1986), Golub and Meyer (1986), Meyer (1980), Meyer
(1994), Meyer and Stewart (1988), Stewart (1991), for instance, use the fact that a
chain is absolutely stable if the group inverse A# of A =1 — P has no large entries
(relative to 1). The results of §5 will establish that the converse of this statement is
also true.
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4. Componentwise analysis. In this section we derive tight upper bounds
on the relative change in individual stationary probabilities, and we prove that all
stationary probabilities show essentially the same sensitivity to perturbations in the
transition probabilities.

We make use of the following properties of M—matrices, details of which can be
found in the text by Berman and Plemmons (1979). If P is an irreducible stochastic
matrix of order n, then A =1 — P is a singular M—matrix of rank n — 1. Moreover,
if A; is the principal submatrix of A obtained by deleting the jth row and column
from A, then A; is a nonsingular M-matrix. Hence Aj_1 > 0, and if e is the column
vector of all ones, then ||A;Ie|| = HAJ._1 |. The following theorem demonstrates that
the entries in A;l determine the relative sensitivity of the jth stationary probability
to perturbations in the transition probabilities.

THEOREM 4.1. If EU) denotes the matriz obtained by deleting the jth column
of E, then B

T ﬁ-TE(j)AJ‘_‘le'
mj

Furthermore,
T — 7Tj

< IBO| 1147,

J

and there always exists a perturbation E (dependent on j) for which equality is at-
tained.

Proof. By applying a symmetric permutation to P, the states may be reordered
so that a particular stationary probability occurs in the last position of 7. Thus it
suffices to prove the theorem for j = n. With the partitioning

A, b
L (WT 7Tn)7 A::(CT 5)’

I

7T A =0T implies 7 = —m,cT A;. Replacing the last column of A by the vector

of all ones produces a nonsingular matrix

A, e ) AV I —erT) —maAjte
N =( 1) with inverse N7~ = .

T 7T Tn

The stationary distribution of the original chain is the solution of the system
7'N =eX where el =(0 --- 0 1),

and the stationary distribution for the perturbed chain is the solution of
#T(N —F) =€l where F=(E™ 0).

Consequently,

(4.1) al — 7T = —#TFN7,

S0

T — i = T (B 0) ("“”Aﬁ le) = it (ﬁTE(")A; te),

Tn
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and therefore .
Tn"Tn _ TEM A le,
Tn

Applying Hélder’s inequality and ||A;e| = ||A;}|| yields

Tp — T

< IFHIE™ AT ell < 1B A7

n

To see that equality is always attainable, let k& be the position where the largest
component of A;le occurs so that

endzle = A7 el = 143
and let E = ee(ey, — en)T. Then #TE(™ = eel and |E(M| =¢, so that

Tp — évrn ~ n) A— — — n —
T~ ATEM AT e = el ATle = | AT = B AT O

COROLLARY 4.1. An irreducible chain is absolutely stable if and only if 7rj||Aj_1l|
is small for every 1 < j <mn.

The results of Theorem 4.1 and its corollary suggest the following definitions.

DEFINITION 4.1. Let A; be the principal submatriz obtained by deleting the jth

row ar:i column from A, and let w; denote the jth stationary probability. The relative
condition number for m; is defined to be

pj = ||AJ"1|| and we set p= mjin{pj}.
The absolute condition number for m; is defined to be
o = ﬂjllA;1” and we set a = m?x{aj}.
In terms of this notation, Theorem 4.1 states

i — ) . -
S < p IED), |mj -7 <oy [|E|,  and 77| < of|E,

so « is the absolute condition number for the entire chain.

Notice that if a stationary probability is relatively well-conditioned, then it is
absolutely well-conditioned but not conversely, cf., Example 3.1. It may be of interest
to note that the existence of a small p; means that the (n — 1)st singular value of A
is large (Barlow (1993)).

We now arrive at one of our principal conclusions which states that the sensitivity
of the stationary distribution is uniform in the sense that all m;’s are absolutely well-
conditioned if and only if at least one 7; is relatively well-conditioned.

THEOREM 4.2. For every 1 < j <n,

|7 — 5] < p||EJl.

Consequently, an irreducible chain is absolutely stable if and only if at least one m; is
relatively well-conditioned.
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Proof. As in the proof of Theorem 4.1, assume that the states have been permuted
so the best relatively conditioned stationary probability is in the last position; i.e.,

( )
CT ]

is the matrix obtained by replacing the last column of A by ones then, as in (4.1),
77 —#T = —#TFN~!, where F=(E®™ 0).
From

(42) N7'= (AZI(I—efT) —wnAﬁle) _ (A,:l 0) (I—eﬁT —7rne>’

7T Tn 0 1 7L Tn

it follows that
~#TEM A (e; —mje) if j<n.

mj —-‘ﬁ'j = -—7~I'TFN_16]' =
—#TEM Az (—mje) if j=n.

Since |le; — mje|| = max{m;, 1 —m;} <1 and ||A,'e| = ||A;!|| = pn, we have that
Imj — % < pull E™|| < pull Ell, 1< <.

Therefore, if at least one stationary probability is relatively well-conditioned, then all
stationary probabilities are absolutely well-conditioned. The converse follows from
Corollary 4.1 because at least one 7; must be greater than or equal to 1/n. O

The following two statements are direct consequences of Theorem 4.2, but they are
important to state because they drive home the extent to which there exists uniform
stability in Markov chains.

COROLLARY 4.2. If any stationary probability is relatively well-conditioned, then
all large stationary probabilities are relatively well-conditioned.

COROLLARY 4.3. If any large stationary probability is absolutely well-conditioned,
then the chain is absolutely stable.

A natural question arises at this point. We know that the existence of one rela-
tively well-conditioned m; implies the chain is absolutely stable, but does the existence
of one absolutely well-conditioned 7; insure absolute stability? Unfortunately, the
answer is “no,” and this can be seen by considering

l—€ €/2 ¢/2

P=| ¢2 1-€¢ €¢2], 7rT=21 (1 1 €)
/2 12 0 te

for small 0 < € < 1. The absolute and relative condition numbers are

1 2 4 2 2 4 d 2
al—az—m(§+§), 3= oo P1~P2——§+§;, and  p3 = -,
80, for small €, 73 is absolutely well-conditioned, but 7; and me are not. The chain

is not absolutely stable, and no 7; is relatively well-conditioned.

Small stationary probabilities are the ones that appear least likely to be relatively
well-conditioned. Therefore it makes sense to try to determine features that may be
responsible for the small size. The following theorem shows that those m; whose
associated submatrix A; is well-conditioned cannot be small. It also shows that a
nearly reducible matrix A that is far from being uncoupled produces small ;.
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THEOREM 4.3. If Q is a permutation matriz such that
A; b
T j 95
AQ = ,
QT4Q (c;_, 5j)

then
o 115
1+p; =77 7 IFI + llbs

Proof. Let 77Q = ¢T = (ET ﬂ'j) . Since %»TA =0 implies 1_/;T = —ch}‘Aj_l,
Holder’s inequality gives the lower bound

3 i
To obtain the upper bound, use ||cf|| = —c]Te = §; and &;m; = _-'l/—}.Tbj, and again
apply Holder’s inequality,
—T —T
millef | =36 = =% by <% || sl = (1 = m;)lbs - o

5. Condition numbers and linear systems. It was demonstrated in the
previous section that the sensitivity of the stationary distribution is governed by p.
‘We now compare this measure of sensitivity to other condition numbers, and we relate
these results to numerical techniques for computing stationary probabilities by solving
certain linear systems.

The nonsingular matrix

T

A, e
N = ( " 1) and the associated system 77N = el
are focal points of the development. The expression (4.2) together with the fact that
pn = |14 > 1 (because e = —A,'b) produces

(5.1) 1< INTH| < 2pn.
This means that if m, is relatively well-conditioned, then 77N = el is a well-
conditioned nonsingular system and therefore any stable algorithm can accurately
solve it. But it is not clear that the solution of 77N = el should be attempted
when p, is large, even if the chain is absolutely stable. Theorem 4.1 insures that
some p; must be small, but, as Example 3.1 demonstrates, it need not be p,. Of
course, safety can be guaranteed if one is willing to determine a value of k such that
pr = p because the same logic that produced (5.1) insures that the system 77N = el
is well-conditioned where N is the nonsingular matrix obtained by replacing the kth
column of A by e. But determining p (or its position) is prohibitively expensive, and
this may be why this approach is dismissed as “naive” by Paige, Styan, and Wachter
(1975) and not included in their comparisons.

Surprisingly, it does not matter which column of A is replaced by e. This is a
consequence of the next theorem that relates N~! to the group inverse A#.
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THEOREM 5.1. For the numbers o and p given in Definition 4.1,

A#
70 < vty < 2%y 41

and o
3 < | A#|| < 4p.

Proof. We derive the upper bounds first. It is easily verified (Meyer (1975)) that

A7t o

A* = (I—eﬂ'T)( 0 0) (I —enT)

(5.2)
_ ((I —em AN (I — erT) —mn(I — efT)A;;le)

7L AN — exT) T, A le

A symmetric permutation can bring any principal submatrix A; of A to the upper
left-hand corner of QT AQ. Then (QTAQ)* = QTA#Q, and

' =1TQ= (3" =)

imply .

QTA*Q = (I —eyT) (Ag

0
I—eypT
o) =)
—T. . _ —T —T, . _
_ ((I —ep VAT I —ep ) —mi(I—ep )A] 1e>
T _ —T —T ,_ )
¢ A7M(I—ed) T Ajle
The second upper bound is now immediate because

| A#|| = QT A*Q|| < 4p; for all j.

The first upper bound follows from

I —e
-1 _ # T
N = (—cT —6>A + ene,,,

which can be verified by using (5.2), so that ||[N~!|| < 2||A#|| + 1. To establish the
lower bounds, use the expressions for A# and QTA#Q to write

I—exl 0 2
A#* = ( f; 0) N~!  and ijJTI =(I —e) QTA#Q < WJET) .
7 _

Hence ||A#|| <2||[N~!|| and, for every j,
oy =ml| A7t < 24%). O
The group inverse is relevant because

(5.3) m—#=7EA* and |m; — ;] < ||E|| ||IA%],
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(Meyer (1980)), so if |A#| is small, then the chain is absolutely stable. While
conjectured, the converse of this statement has never been proven. However, on the
basis of Theorems 4.2 and 5.1, the converse is now evident.

The logic used in proving Theorem 5.1 dictates that replacing any column of A
by e results in a well-conditioned matrix when the chain is absolutely stable, and when
the chain is not absolutely stable, all such matrices are ill-conditioned. Consequently,
it does not matter which column of A is replaced by 1’s, so the problem addressed
by Harrod and Plemmons (1984) and Barlow (1986, 1993) of having to locate a well-
conditioned principal submatrix A; in order to build a well-conditioned system is
obviated. Furthermore, since N is nonsingular, standard numerical techniques' can
be applied to solve 77N = eI.

So far we have viewed the stationary distribution 7
linear systems; the singular system 77 A = 0 and the nonsingular system 77N = e
There is a yet a third linear system of which 77 is a solution, namely

T as a solution to two different

T

n*

(5.4) M =el,, where M= (A e).

The augmented matrix M is of order nx (n+1) and has full row rank. The perturbed
system is #7 (M + E) = el ,, so

nl — 7" =7#TEMT,
where M1 is the Moore-Penrose pseudo-inverse (Campbell and Meyer (1991)), and
|mj — ;| < IZIIEN M| for each j.

Hence ||[MT|| is a condition number for measuring absolute stability. Another such
number is ||Z|| where Z = (A+en)~! is the Kemeny and Snell (1960) fundamental
matrix because 77 — 7T = #TEZ and |r; —7;| < ||#|| |1 E|| || Z]] (Schweitzer (1968)).
The following lemma shows that ||M?|| and ||Z|| are small multiples of each other
and that they are not significantly different from | A#|.

LEMMA 5.1. For the matrices M and Z defined above,

Z
% <M <2)Z| and [|A*]-1<|Z) < |A*] + 1.

Proof. The first set of inequalities follows from the identities
_ ooT
Z=((I—e7rT) e)MT and MTz(I ;? /n)Z,

each of which is straightforward to verify. The second set of inequalities is a conse-
quence of the fact that Z = A# + en? (Meyer (1975)). O

Combining the results of Lemma 5.1 with those of Theorems 4.2 and 5.1 produces
the following complete statement concerning the stability of irreducible Markov chains.

1 Gaussian elimination with exact arithmetic generates positive pivots, but floating-point arith-
metic may produce a zero or negative pivot (Funderlic and Mankin (1981)). This can be avoided
with diagonal adjustment schemes as discussed by Grassmann, Taksar, and Heyman (1985), Stewart
and Zhang (1991), and Barlow (1993).
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THEOREM 5.2. For an n-state irreducible Markov chain, the following statements
are equivalent.

o At least one stationary probability is relatively well-conditioned.

The chain is absolutely stable.

All entries of the group inverse A% are small.

The matriz N and the system w7 N = el are well-conditioned.

The matric M and the system 77 M = €L, are well-conditioned.
All entries in the Kemeny and Snell fundamental matriz Z are small.

6. Sensitivity of nearly transient chains. In this section we examine the
sensitivity of stationary probabilities of irreducible chains with nearly transient states;
i.e., irreducible chains in which the states can be ordered so that the transition matrix
is almost block triangular in the sense that

(6.1) p=(§; i;z) with [Py << 1.

We prove two results, one for structured perturbations and one for more general
perturbations.

The first theorem establishes a result similar to the one by Stewart (1992b). It
says that small stationary probabilities of an absolutely stable chain are relatively
well-conditioned if only the states corresponding to these probabilities are perturbed
and all other states remain unaffected.

THEOREM 6.1. If E can be symmetrically permuted so that

0 )
E= <E2> with ||E|| =€,

and if 7T = (7T =) is partitioned conformably, then

|m; — 751 ;
= < dep, 1<j<n.
72|
Proof. Combine (5.3) with the fact ||A#|| < 4p from Theorem 5.1. O
The second theorem concerns nearly transient chains, but no restriction is placed
on the structure of the perturbation matrix.
THEOREM 6.2. Suppose Py; in (6.1) is s x s, and let

(A, b _ (Bi1 B2 (b
A= (CT 5) ) A'n = (321 B22 ) and b= b2 s

where Byy is sx s, by is sx 1, and b; # 0 for each i. The relative condition of
T 18 bounded by

2 max {||B1"11 Il ||BE21‘|}
1— By Ball

n

so the chain is absolutely stable whenever By and Bsz have small inverses.
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Proof.

By B 0 0

An=( 1 12>+( )=T+K=T(I+T‘1K).
0 B By 0

If |T-'K]|| <1, then, from results in §2.3.4 in Golub and Van Loan (1989),

[

— A=Y < |IT7-1! -1p-1y < )
pn = AT < I I+ T K) 7 S T g

Since A is an M-matrix, B[,il >0, B;; <0, and b < 0. Consequently, Ae =0
implies
0 < —Bj'Bize=e+ B;'by <e.

By assumption, b; # 0, so Bﬁlbl < 0, and thus
|1 Bii Buall = ||Biy Bizel| < 1.
A similar argument shows that ||By, Bai|| < 1. Since
— (B;ll —B;lleB;;> _ (I —3;11312> (B;ll 0 >
0 v 0 I 0 B/’
we have

IT7H < (1 + || By Buzll) max{|| B ll, I1B' Il } < 2max{||B5' [, | B3'll }-

Similarly, . )
T—1K= (—Bll 'B_112BZ2 B21 0)
implies
IT~'K|| < max{|| Bi' B12B3; Baill, || B Ba1]l} < || Bz Baull,
S0

o< 1Tl 2max {|| By, |, B I}
~1-|TK] 1~ By Baill

7. Small probabilities in nearly transient chains. Let 77 = (77 74 ) be
the stationary distribution of the nearly transient matrix P in (6.1), and set

A A
A=I1—-P= = 12 s where ”A21” = ”P21|| = €.
Axr A
Since 71 = —ﬁ%‘AQlA;} implies |77 || < €||A7il, we see that the trailing stationary

probabilities dominate the leading ones provided ||A7}

transient chains with a finer block structure, say

|| is not too large. For nearly

Ay A Az oo A m Fjt1,5
Fo; Agy Agz -+ Ay T2 Fjta,

(71) A= Fs1 By A33 T A3k , W= m3 , Fj+3aj = €j,
Fr1 Fra Firz - Agk Tk Fy.;
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1 < j € k-1, the same should be true; i.e., the trailing stationary probabilities
tend to be larger than the leading ones. We will quantify this statement by providing
bounds in terms of €; on the probabilities 7; associated with each block.

The strategy is to proceed inductively by applying the above 2 x 2 case to
successive diagonal blocks. This is accomplished by applying the following lemma that
provides a perturbation of size € that essentially uncouples A;; from the remaining
blocks. In particular, the lemma shows that the remaining probabilities are the exact
probabilities of a perturbed problem of the same form (the only difference being that
the sum of the probabilities is less than one).

LEMMA 7.1. Let
A= (Au Aip
Agr Ay

=T
A2167T1 A12

i;Azle

with ||Az|| <e. If
A=
then Agz + A is a singular M-matriz such that
73 (A2 +A)=0, (Apa+A)e=0, and |A|<e
Proof. We first verify that A satisfies the required equations. From 7TA = 0

and Ae = 0 we get r} = 7¥ Agy = —7} A1z and ro = Agge = —Agje, so one can
write
rory
A=-D0L

Since 73 A = —rT, it follows that 7 (A2z + A) =0, and thus A satisfies the first
equation. To prove that A satisfies the second equation, observe that 77 A =0 and
Ae =0 imply
ﬁgr2 = —7—r2TA21e = ﬁfAue = —ﬁgAlge = r{e.

Thus,

7’2’"?

rfe’
so Ae = —rg and (Ags + A)e =0. As for the bound on the norm of A, notice that
71 and 72 both consist entirely of nonnegative elements since A is an M—-matrix so
A consists entirely of nonpositive elements. This means

A=

7‘2’1“?

All =
181 = | %,

el = |lr2]l < e

Moreover, since all elements of A are nonpositive, the off-diagonal elements in Ago+A
are more negative than those of Agg. This implies with (Age + A)e = 0 that the
diagonal elements must be nonnegative. From 7 > 0 it follows that Ags+ A must be
irreducible, for otherwise a component of 7, would be zero. According to Corollary 1
in §3.5 of Varga (1962), the signs of the matrix elements and the irreducibility imply
that every principal submatrix of Ags + A is an M—matrix. Therefore, A2z + A is a
singular M-matrix. 0O

Now we can prove the following theorem that says that in a nearly transient chain,
the size of the ; in the jth block is controlled by the smallness of the preceding off-
diagonal columns 1,...,7—1, and by the condition of a perturbed jth diagonal block.
The size of this perturbation is again determined by the smallness of the off-diagonal
columns 1,...,5 — 1. This implies that the trailing solution components tend to be
larger than the leading ones.
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THEOREM 7.1. If A is partitioned as indicated in (7.1), then |7¥|| < e1x1 with
k1 = ||AT|l. Furthermore, there exist matrices Xji1,j41 such that

l4j41541 — Xjprjmll Se+- 4, 1<j<k-2,

and
1751l < (e + -+ ga)kjn,  where mjpa = [ X341

Proof. The statements for 7; follow from the 2 x 2 block partitioning. Now
apply the same argument recursively to the matrix

Ay x ... * *
F32 A33 ‘e * *
x‘—lzz == .. + A,
3 : Ap—1k-1 *
Fro Frz ... Frr-1  Agk

where A is given by Lemma 7.1. For instance, Xs is the leading diagonal block
of Azp with || X;!|| = k2. Lemma 7.1 insures ||A|| < e; and |[Ag2 — Xo|| < A < €.
Since the norm of the first off-diagonal column is bounded above by €;+¢€2 , Lemma 7.1
gives |73 < (1 +e2)ko. O

8. Concluding remarks. Our goal was to better understand how individual
stationary probabilities are affected by unstructured perturbations to the transition
probabilities. Consequently, we measured all perturbations relative to 1 rather than
relative to A = I — P or relative to the structure of P. In other words, we mea-
sured the magnitude of a perturbation by ||E|/||P|| = ||E|| instead of |E||/||A] or
max;; |e;j|/pij. The latter two measures result in significantly different interpretations
of sensitivity. For example, perturbations that are small relative to 1 can greatly affect
the stationary probabilities of

1—c¢ €
P=< >, e<<1,
€ 1—¢€

but measured relative to ||A|| = 2¢, or measured by max;;|e;;|/pij, small pertur-
bations cannot have a drastic effect (Meyer (1980), O’Cinneide (1993), and Zhang
(1993)).
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