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Abstract

We perturb a real matrix A of full column rank, and derive lower bounds for the smallest singular
values of the perturbed matrix, for two classes of perturbations: deterministic normwise absolute, and
probabilistic componentwise relative. Both classes of bounds, which extend existing lower-order expres-
sions, demonstrate a potential increase in the smallest singular values. Our perturbation results represent
a qualitative model for the increase in the small singular values after a matrix has been demoted to a
lower arithmetic precision. Numerical experiments confirm the qualitative validity of the model and its
ability to predict singular values changes in the presence of decreased arithmetic precision.

1 Introduction
Given a real, full column-rank matrixA, we present two types of lower bounds for the smallest singular values
of a perturbed matrix A + E: deterministic normwise absolute bounds, and probabilistic componentwise
relative bounds.

1.1 Motivation
We investigate the change in the computed singular values of a matrix A ∈ Rm×n with rank(A) = n when
A is demoted to a lower arithmetic precision.

We have observed that the demotion to lower precision can improve the conditioning of A by significantly
increasing the computed small singular values, while leaving large singular values mostly unharmed. For
instance, if the smallest singular value of A is on the order of double precision roundoff,

σmin (double(A)) ≈ 10−16,

then demotion of A to single precision can increase the smallest singular value to single precision roundoff,

σmin (double(single(A))) ≈ 10−8.

This phenomenon has been observed before, as the following quotes illustrate:

. . . small singular values tend to increase [SS90, page 266]

. . . even an approximate inverse of an arbitrarily ill-conditioned
matrix does, in general, contain useful information [Rum09, page 260]
This is due to a kind of regularization by rounding to working precision [Rum09, page 261]

1.2 Modelling demotion to lower precision in terms of perturbations
We model the demotion of a matrix to lower precision with the help of two classes of perturbations: deter-
ministic normwise absolute, and probabilistic componentwise relative.
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Deterministic normwise absolute perturbations The accumulated error from typical singular value
algorithms in Matlab and Julia is a normwise absolute error [GV13, section 8.6].

Thus, if we demote a matrix A ∈ Rm×n with m ≥ n to single precision and compute the singular values
of the demoted matrix, the resulting error can be represented as an absolute perturbation E. According to
Weyl’s inequality [GV13, Corollary 8.6.2], corresponding singular values1 of A change by at most ‖E‖2,

|σj(A+E)− σj(A)| ≤ ‖E‖2 ≈ 10−8, 1 ≤ j ≤ n.

The bound implies that singular values larger than single precision roundoff, i.e. σj(A) � ‖E‖2, remain
essentially the same,

σj(A) ≈ σj(A)− ‖E‖2︸ ︷︷ ︸
10−8

≤ σj(A+E) ≤ σj(A) + ‖E‖2︸ ︷︷ ︸
10−8

≈ σj(A),

while it is inconclusive about small singular values on the order of double precision roundoff,

σ`(A)︸ ︷︷ ︸
10−16

−‖E‖2︸ ︷︷ ︸
10−8

≤ σ`(A+E) ≤ σ`(A)︸ ︷︷ ︸
10−16

+ ‖E‖2︸ ︷︷ ︸
10−8

.

Probabilistic componentwise relative perturbations For high relative accuracy implementations, like
Jacobi’s method [DV07a; DV07b] and QR-preconditioned QR SVD methods [Drm17], we model demotion to
lower precision in terms of componentwise relative perturbations with independent uniform random variables
in (−1, 1).

1.3 Our contributions
Our two main results are lower bounds on the smallest singular value cluster of a perturbed matrix: a de-
terministic normwise absolute bound, summarized in Theorem 1; and a probabilistic componentwise relative
expression, summarized in Theorem 2. Both results show a definitive increase in the perturbed small sin-
gular values. The numerical experiments in section 5 confirm the qualitative validity of these results. Our
assumptions are not restrictive and merely require the smallest singular value cluster to be separated by a
small gap from the remaining singular values.

The deterministic bound in Theorem 1 improves the second-order perturbation expansions in [Ste84;
Ste06], [SS90, Section V.4.2], because it is a true lower bound and it needs no assumptions on singular
vectors.

Theorem 1. Let A ∈ Rm×n with m ≥ n have rank(A) ≥ n− r for some r ≥ 1. Let A = UΣV T be a full
singular value decomposition, where Σ ∈ Rm×n is diagonal, and U ∈ Rm×m and V ∈ Rn×n are orthogonal
matrices. Partition commensurately,

Σ =

Σ1 0
0 Σ2

0 0

 , UTEV =

E11 E12

E21 E22

E31 E32

 ,
where Σ1,E11 ∈ R(n−r)×(n−r) with Σ1 nonsingular diagonal; and Σ2,E22 ∈ Rr×r with Σ2 diagonal.

If 1/‖Σ−11 ‖2 > 4‖E‖2 and ‖Σ2‖2 < ‖E‖2, then

σn−r+j(A+E)2 ≥ σj(ET
32E32 + (Σ2 +E22)

T (Σ2 +E22)−R3)
2 − r4, 1 ≤ j ≤ r,

where R3 contains terms of order 3

R3 ≡ ET
12W +W TE12 W ≡ (Σ1 +E11)

−T [ET
21 ET

31

] [Σ2 +E22

E32

]
and r4 contains terms of order 4 and higher,

r4 ≡ ‖W ‖22 + 4
‖E‖22 ‖(Σ1 +E11)

−1(E12 +W )‖22
1− 4‖E‖22‖(Σ1 +E11)−1‖22

.

1The singular values of a matrix A are labelled in non-increasing order, σ1(A) ≥ σ2(A) ≥ . . ..
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Proof. This is a restatement of Assumptions 3.1 and Theorem 8. For the special case r = 1, this reduces to
Assumptions 2.1 and Theorem 5.

For componentwise relative perturbations, we consider a matrix with two singular value clusters: a large
one and a small one, under the assumption that the perturbation is sufficiently small to preserve the average
large singular value. The resulting expression below for the average perturbed small singular values suggests
a definitive increase over the original small singular values.

Theorem 2. Let A,F ∈ Rm×n where m ≥ n, and the elements of F are independent random variables with

fij = εloweraijωij , ωij ∈ U(−1, 1), 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Assume that A has a cluster of large and a cluster of small singular values,

σr(A) > σr+1(A), E

 r∑
j=1

σj(A+ F ))2

 =

r∑
j=1

σj(A)2,

and define the cluster averages of the small singular values as

σsmall(A)2 ≡ 1

n− r

n∑
j=r+1

σj(A)2,

σsmall(A+ F )2 ≡ 1

n− r

n∑
j=r+1

σj(A+ F )2.

Then

E[σsmall(A+ F )2] = σsmall(A)2 +
ε2lower

3(n− r)
‖A‖2F .

Proof. This is a restatement of Theorem 9 and Corollary 10.

Future work, sketched in section 6, will refine the above results towards a quantitative analysis that
predicts the order of magnitude of the increase, and the influential matrix properties, in particular, the role
pf the singular value gap.

1.4 Existing work
There are many deterministic bounds for the smallest singular value of general, unstructured matrices. The

bounds for nonsingular matrices A ∈ Cn×n in [LX21; Shu22; Zou12] involve the factor |det(A)|2
(
n−1
‖A‖2F

)n−1
,

while the ones in [HP92; YG97] contain factors like |det(A)|2
(
n−1
n

)(n−1)/2 and row and column norms. The
Schur complement-based bounds for strictly diagonally dominant matrices in [Hua08; Li20; San21; Var75]
depend on the degree of diagonal dominance, as do the Gerschgorin type bounds for rectangular matrices in
[Joh89; JS98].

In contrast, we are bounding the smallest singular values of perturbed matrices. The expressions for small
singular values in [Ste84, Theorem], [Ste06, Theorem 8], [SS90, Section V.4.2] are second-order perturbation
expansions rather than bounds, and require assumptions on the singular vectors.

There is an abundance of probabilistic approaches to estimating small singular values, including: prob-
abilistic bounds [Dem88], and probabilistic analysis [Cuc16] of condition numbers; expansions and expected
values of norms for stochastic perturbation theory [Arm10; LN20; Ste90]; statistical condition estimation
[KLR98]; smallest singular values of random matrices [Coo18]; smoothed analysis [SST06; TV07; TV09;
TV10]; and mixed precision computations [CD22].

In contrast, our straightforward expression for the expectation of small singular values applies to all
matrices and requires a minimum of assumptions.
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1.5 Overview
Our deterministic and probabilistic lower bounds for small singular values of A+E are based on eigenvalue
bounds for (A + E)T (A + E). We present deterministic normwise absolute bounds for a single smallest
singular value (section 2) and for a cluster of small singular values (section 3); and a probabilistic expression
for a cluster of small singular value (section 4). The numerical experiments (section 5) confirm the qualitative
increase in small singular values resulting from the demotion of the matrix to lower precision. A brief
discussion of future work (section 6) concludes the paper.

2 A single smallest singular value
We perturb a matrix that has a single smallest singular value, and derive a lower bound for the smallest
singular value of the perturbed matrix in terms of normwise absolute perturbations (Section 2.2), based on
eigenvalue bounds (Section 2.1).

2.1 Auxiliary eigenvalue results
We square the singular values of A ∈ Rm×n and consider instead the eigenvalues of the symmetric positive
semi-definite matrix B ≡ ATA ∈ Rn×n.

For a symmetric positive semi-definite matrix B ∈ Rn×n with a single smallest eigenvalue λmin(B), we
present two expressions for λmin(B) with different assumptions (Lemmas 1 and 2), and two lower bounds in
terms of normwise absolute perturbations (Theorems 3 and 4).

We assume that λmin(B) is separated from the remaining eigenvalues, in the sense that it is strictly
smaller than the smallest eigenvalue of the leading principal submatrix B11 of order n − 1. The equality
below expresses λmin(B) in terms of itself.

Lemma 1 (Exact expression). Let B ∈ Rn×n be symmetric positive semi-definite with rank(B) ≥ n − 1,
and partition

B =

[
B11 b

bT β

]
where B11 ∈ R(n−1)×(n−1).

Then

0 ≤ λmin(B) ≤ β.(1)

If also λmin(B) < λmin(B11) then

λmin(B) = β − bT (B11 − λmin(B) I)−1b,

Proof. Abbreviate λ̃min ≡ λmin(B). The positive semi-definiteness of B implies the lower bound in (1),
while the variational inequalities imply the upper bound,

0 ≤ λ̃min = min
‖x‖2=1

xTBx ≤ eTnBen = β.

To show the expression for λ̃min, observe that the shifted matrix

B − λ̃min I =

[
B11 − λ̃min I b

bT β − λ̃min

]
is singular. From the assumption λ̃min < λmin(B11) follows that B11 − λ̃min I is nonsingular. So we can
determine the block LU decomposition B − λ̃min I = LÛ with

L ≡
[

I 0

bT (B11 − λ̃min I)
−1 1

]
,

Û ≡
[
B11 − λ̃min I b

0 β − λ̃min−bT (B11 − λ̃min I)
−1b

]
.
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Since B − λ̃min I is singular and the unit triangular matrix L is nonsingular, the block upper triangular
matrix Û has no choice but to be singular. Its leading principal submatrix B11 − λ̃min I is nonsingular by
assumption, which leaves the (2,2) element to be singular, but it being a scalar implies

β − λ̃min−bT (B11 − λ̃min I)
−1b = 0.

This gives the expression for λ̃min.

If b = 0 then Lemma 1 correctly asserts that λmin(B) = β.
Lemma 2 below presents the same expression for λmin(B) as in Lemma 1, but under a stronger albeit

more useful assumption.

Lemma 2 (Exact expression with stronger assumption). Let B ∈ Rn×n be symmetric positive semi-definite
with rank(B) ≥ n− 1, and partition

B =

[
B11 b

bT β

]
where B11 ∈ R(n−1)×(n−1).

If β < λmin(B11) then

λmin(B) = β − bT (B11 − λmin(B) I)−1b ≥ 0.

Proof. The upper bound (1) combined with the assumption β < λmin(B11) implies the assumption in
Lemma 1,

0 ≤ λmin(B) ≤ β < λmin(B11).(2)

The subsequent lower bounds for λmin(B) are informative if the offdiagonal part has small norm.

Theorem 3 (First lower bound). Let B ∈ Rn×n be symmetric positive semi-definite with rank(B) ≥ n− 1,
and partition

B =

[
B11 b

bT β

]
where B11 ∈ R(n−1)×(n−1).

If β < λmin(B11) then

λmin(B) ≥ β − bTB−111 b−
β ‖B−111 b‖22

1− β ‖B−111 ‖2
.

Proof. Abbreviate λ̃min ≡ λmin(B). From (2) follows that B11 and B11− λ̃min I are nonsingular. Combined
with the symmetric positive semi-definiteness of B11 this gives

λ̃min < λmin(B11) = 1/‖B−111 ‖2,

hence

‖ λ̃min B
−1
11 ‖2 < 1.(3)

Thus we can apply the Sherman-Morrison formula [GV13, Section 2.1.4],

(B11 − λ̃min I)
−1 = B−111 + λ̃min B−111 (I − λ̃min B−111 )

−1B−111 ,

and substitute the above into the expression for λ̃min from Lemma 1,

λ̃min = β − bTB−111 b− λ̃min bTB−111 (I − λ̃min B−111 )
−1B−111 b.(4)

5



The symmetric positive semi-definiteness of B implies that β ≥ 0 and bTB−111 b ≥ 0, hence it remains to
bound the norm of the remaining summand. From the symmetry of B11 and the invariance of the two-norm
under transposition follows

‖bTB−111 (I − λ̃min B−111 )
−1B−111 b‖2 ≤ ‖b

TB−111 ‖2‖(I − λ̃min B−111 )
−1‖2‖B−111 b‖2

≤ ‖B−111 b‖22‖(I − λ̃min B−111 )
−1‖2.(5)

The inequality (3) allows us to apply the Banach lemma [GV13, Lemma 2.3.3] to bound the norm of the
inverse by

‖(I − λ̃min B−111 )
−1‖2 ≤

1

1− ‖ λ̃min B
−1
11 ‖2

=
1

1− λ̃min ‖B−111 ‖2.

Substitute this into (5) and the resulting bound into the expression for λ̃min in (4),

λ̃min ≥ β − bTB−111 b−
λ̃min ‖B−111 b‖22

1− λ̃min ‖B−111 ‖2
,

and at last apply the upper bound (1).

The lower bound in Theorem 3 is positive if ‖b‖2 is sufficiently small, in which case λmin(B) ≥ β−O(‖b‖22).
If b = 0 then (1) and Theorem 3 imply λmin(B) = β.

The slightly weaker bound below focusses on a ‘dominant part’ of B11.

Theorem 4 (Second lower bound). Let B ∈ Rn×n be symmetric positive semi-definite with rank(B) ≥ n−1,
and partition

B =

[
B11 b

bT β

]
where B11 ∈ R(n−1)×(n−1).

If B11 = C11 + C12 where C11 is symmetric positive definite with λmin(C11) > β, and C12 is symmetric
positive semi-definite then

λmin(B) ≥ β − bTC−111 b−
β ‖C−111 b‖22

1− β ‖C−111 ‖2
.

Proof. Abbreviate λ̃min ≡ λmin(B). From (1) and the assumption follows λ̃min ≤ β < λmin(C11), hence C11

and C11 − λ̃min I are nonsingular. Write

B11 − λ̃min I = C11 − λ̃min I︸ ︷︷ ︸
G

+C12 = G1/2 (I +G−1/2 C12 G
−1/2︸ ︷︷ ︸

H

)G1/2,

where G is symmetric positive definite and H is symmetric positive semi-definite. The Loewner ordering
implies I � I +H. From [HJ13, Corollary 7.7.4] follows (I +H)−1 � I−1 = I. Thus

(B11 − λ̃min I)
−1 = G−1/2(I +H)−1G−1/2

� G−1/2IG−1/2 = G−1 = (C11 − λ̃min I)
−1.

Substituting (B11 − λ̃min I)
−1 � (C11 − λ̃min I)

−1 into the expression for λ̃min in Lemma 1 gives

λ̃min ≥ β − bT (C11 − λ̃min I)
−1b.

We continue as in the proof of Theorem 3 with the Sherman-Morrison formula [GV13, Section 2.1.4],

λ̃min ≥ β − bTC−111 b− λ̃min bTC−111 (I − λ̃min C−111 )
−1C−111 b

≥ β − bTC−111 b−
λ̃min ‖C−111 b‖22

1− λ̃min ‖C−111 ‖2
,

and at last apply (1).

If C12 = 0, then Theorem 4 reduces to Theorem 3.
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2.2 A lower bound for the smallest singular value
We consider a matrix with a distinct smallest singular value. Based on the eigenvalue bounds in section 2.1,
we derive a lower bound for the smallest singular value of a perturbed matrix (Theorem 5) in terms of
normwise absolute perturbations. We start with a summary of all assumptions (Assumptions 2.1), and end
with a discussion of their generality (Remark 2.1).

Assumptions 2.1. Let A ∈ Rm×n with m ≥ n have rank(A) ≥ n − 1. Let A = UΣV T be a full singular
value decomposition, where Σ ∈ Rm×n is diagonal, and U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices.
Partition commensurately,

Σ =

Σ1 0
0 σmin
0 0

 , E = U

E11 e12
eT21 e22
E31 e32

V T ,

where Σ1 ∈ R(n−1)×(n−1) is nonsingular diagonal, and σmin ≥ 0.

For a matrix with a single smallest singular value, we corroborate the observation that ‘small singular
values tend to increase’ [SS90, page 266]. Motivated by the second-order expressions in terms of absolute
perturbations [SS90, Section V.4.2] and [Ste06, Theorem 8], we derive a true lower bound.

Theorem 5. Let A,E ∈ Rm×n satisfy Assumptions 2.1. If 1/‖Σ−11 ‖2 > 4‖E‖2 and σmin < ‖E‖2, then

σmin(A+E)2 ≥ ‖e32‖22 + (σmin +e22)
2 − r3 − r4,

where r3 contains terms of order 3,

r3 ≡ 2eT12w w ≡ (Σ1 +E11)
−T [e21 ET

31

] [e22 + σmin
e32

]
,

and r4 contains terms of order 4 and higher,

r4 ≡ ‖w‖22 + 4
‖E‖22 ‖(Σ1 +E11)

−1(e12 + w)‖22
1− 4‖E‖22‖(Σ1 +E11)−1‖22

.

Proof. We square the singular values of A+E, and consider the eigenvalues of

B ≡ (A+E)T (A+E) = V

[
B11 b

bT β

]
V T

where

B11 = (Σ1 +E11)
T (Σ1 +E11)︸ ︷︷ ︸

C11

+ e21e
T
21 +ET

31E31︸ ︷︷ ︸
C12

(6)

β = ‖e12‖22 + (σmin +e22)
2 + ‖e32‖22

b = (Σ1 +E11)
Te12 + e21(σmin +e22) +ET

31e32.
(7)

From σmin(Σ1) > 4‖E‖2 follows that C11 is symmetric positive definite, while C12 is symmetric positive
semi-definite and contains only second order terms. Abbreviate λ̃min ≡ λmin(B) = σmin(A+E)2.

The proof proceeds in two steps:

1. Confirming that C11 satisfies the assumptions of Theorem 4.

2. Deriving the lower bound for λ̃min from Theorem 4.
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1. Confirm that C11 satisfies the assumptions of Theorem 4 We show that λmin(C11) > β, by
bounding β from above and λmin(C11) from below.

Regarding the upper bound for β, the expression (7) and the assumption σmin < ‖E‖2 imply

β =
∥∥∥[eT12 e22 + σmin eT32

]T∥∥∥2
2
≤ (σmin +‖Een‖2)2 ≤ 4‖E‖22.(8)

Regarding the lower bound for λmin(C11), view C11 = (Σ1 +E11)
T (Σ1 +E11) as a singular value problem,

so that λmin(C11) = σmin(Σ1 + E11)
2. The well-conditioning of singular values [GV13, Corollary 8.6.2]

implies
|σmin(Σ1 +E11)− σmin(Σ1)| ≤ ‖E11‖2 ≤ ‖E‖2.

Adding the assumption σmin(Σ1) = 1/‖Σ−11 ‖2 > 4‖E‖2 gives

σmin(Σ1 +E11) ≥ σmin(Σ1)− ‖E‖2 > 4 ‖E‖2 − ‖E‖2 = 3‖E‖2.

Now combine this lower bound for λmin(C11) with (8),

λmin(C11) = σmin(Σ1 +E11)
2 > 9‖E‖22 > 4‖E‖22 ≥ β.

Hence λmin(C11) > β, and C11 satisfies the assumptions of Theorem 4.

2. Derive the lower bound for λ̃min from Theorem 4 In this bound,

λ̃min ≥ β − bTC−111 b−
β ‖C−111 b‖22

1− β ‖C−111 ‖2
,(9)

where the key term is C−111 b. Insert the expression for b from (7),

(Σ1 +E11)
−T b = e12 + (Σ1 +E11)

−T
(
e21(σmin +e22) +ET

31e32

)
= e12 + w.(10)

Combine the expression for C11 from (6) with (10),

C−111 b = (Σ1 +E11)
−1 (Σ1 +E11)

−T b︸ ︷︷ ︸
e12+w

= (Σ1 +E11)
−1(e12 + w)(11)

Multiply the above by bT on the left, and use (10)

bTC−111 b = bT (Σ1 +E11)
−1(Σ1 +E11)

−T b = (e12 + w)T (e12 + w)

= ‖e12 + w‖22 = ‖e12‖22 + 2eT12w + ‖w‖22.

Substitute the above, and β from (7) into the first two summands of (9),

β − bTC−111 b = (‖e12‖22 + (σmin +e22)
2 + ‖e32‖22)− (‖e12‖22 + 2eT12w + ‖w‖22)

= ‖e32‖22 + (σmin +e22)
2 − 2eT12w︸ ︷︷ ︸

r3

−‖w‖22.(12)

Substitute the bound for β in (8), and (11) into the third summand of (9),

β ‖C−111 b‖22
1− β ‖C−111 ‖2

≤ 4
‖E‖22 ‖(Σ1 +E11)

−1(e12 + w)‖22
1− 4‖E‖22‖(Σ1 +E11)−1‖22

.(13)

Inserting (12) and (13) into (9) gives

λ̃min ≥ ‖e32‖22 + (σmin +e22)
2

− r3 −
(
‖w‖22 + 4

‖E‖22 ‖(Σ1 +E11)
−1(e12 + w)‖22

1− 4‖E‖22‖(Σ1 +E11)−1‖22

)
︸ ︷︷ ︸

r4

.
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Remark 2.1. The assumptions in Theorem 5 are not restrictive. Only a small gap of 3‖E‖2 is required to
separate the smallest singular value of A from the remaining singular values,

σmin(A) < ‖E‖2 < 4‖E‖2 ≤ 1/‖Σ−11 ‖2.

3 A cluster of small singular values
We extend the results in Section 2 from a single smallest singular value to a cluster of small singular values.
To this end, we derive lower bounds for the small singular values of the perturbed matrix in terms of normwise
absolute perturbations (Section 3.2), based on eigenvalue bounds (Section 3.1).

3.1 Auxiliary eigenvalue results
We square the singular values of A ∈ Rm×n and consider instead the eigenvalues of the symmetric positive
semi-definite matrix B ≡ ATA ∈ Rn×n.

For a symmetric positive semi-definite matrix B ∈ Rn×n with a cluster of r small eigenvalues, we
present an expression for these eigenvalues (Lemma 3), and two lower bounds in terms of normwise absolute
perturbations (Theorems 6 and 7).

We assume that the r small eigenvalues are separated from the remaining ones, in the sense that they
are strictly smaller than the smallest eigenvalue of the leading principal submatrix B11 of order n− r. The
eigenvalues are labelled so that

λn(B) ≤ · · · ≤ λn−r+1(B) < λn−r(B) ≤ · · · ≤ λ1(B).

The equality below expresses the smallest eigenvalues in terms of themselves, and represents an extension
of Lemma 2 to clusters.

Lemma 3 (Exact expression). Let B ∈ Rn×n be symmetric positive semi-definite with rank(B) ≥ n− r for
some r ≥ 1, and partition

B =

[
B11 B12

BT
12 B22

]
where B11 ∈ R(n−r)×(n−r), B22 ∈ Rr×r.

If ‖B22‖2 < λmin(B11) then

λn−r+j(B) = λj

(
B22 −BT

12(B11 − λn−r+j(B) I)−1B12

)
, 1 ≤ j ≤ r,

where

(14) 0 ≤ λn−r+j(B) ≤ ‖B22‖2, 1 ≤ j ≤ r.

Proof. Abbreviate λ̃n−r+j ≡ λn−r+j(B), 1 ≤ j ≤ r. The lower bound in (14) follows from the positive
semi-definiteness of B, and the upper bound from the Cauchy interlace theorem [Par80, Section 10.1]

λ̃n−r+j ≤ λj(B22) ≤ λmax(B22) = ‖B22‖2, 1 ≤ j ≤ r.

Combining this with the assumption ‖B22‖2 < λmin(B11) shows

λ̃n−r+j ≤ ‖B22‖2 < λmin(B11), 1 ≤ j ≤ r.(15)

Hence is B11 − λ̃n−r+j I is nonsingular.
To derive the expression for λ̃n−r+j , we start as in the proof of [Par80, Theorem (10-1-2)]. The shifted

matrix B− λ̃n−r+j I has at most n− r+ j−1 positive eigenvalues, at least one zero eigenvalue, and at most
r − j negative eigenvalues, 1 ≤ j ≤ r. Perform the congruence transformation

B − λ̃n−r+j I = L

[
B11 − λ̃n−r+j I 0

0 S

]
LT , L ≡

[
I 0

BT
12(B11 − λ̃n−r+j I)−1 I

]

9



where

S ≡ B22 − λ̃n−r+j I −BT
12(B11 − λ̃n−r+j I)−1B12, 1 ≤ j ≤ r.(16)

From (15) follows that B11 − λ̃n−r+j I has n − r positive eigenvalues. Combining this with the inertia
preservation of congruence transformations implies that S has at most r − j positive eigenvalues, at least
one zero eigenvalue λj(S) = 0, and at least j−1 negative eigenvalues, 1 ≤ j ≤ r. Insert (16) into λj(S) = 0,
and exploit the fact that the shift λ̃n−r+j I does not change the algebraic eigenvalue ordering, to obtain the
expression for λ̃n−r+j , 1 ≤ j ≤ r.

By restricting ourselves to a ‘dominant part’ of B11, we weaken the expression in Lemma 3 to a lower
bound, which allows the eigenvalues to be negative.

Lemma 4 (Lower bound). Let B ∈ Rn×n be symmetric positive semi-definite with rank(B) ≥ n − r for
some r ≥ 1, and partition

B =

[
B11 B12

BT
12 B22

]
where B11 ∈ R(n−r)×(n−r), B22 ∈ Rr×r.

Let B11 = C11 +C12 where C11 ∈ R(n−r)×(n−r) is symmetric positive definite and C12 ∈ R(n−r)×(n−r) is
symmetric positive semi-definite. If

B̂ ≡
[
C11 B12

BT
12 B22

]
with λmin(C11) > ‖B22‖2, then

λn−r+j(B) ≥ λn−r+j(B̂)(17)

= λj

(
B22 −BT

12(C11 − λn−r+j(B̂) I)−1B12

)
, 1 ≤ j ≤ r,(18)

where

λn−r+j(B̂) ≤ ‖B22‖2,(19) ∥∥∥∥(C11 − λn−r+j(B̂) I
)−1∥∥∥∥

2

≤ ‖C−111 ‖2
1− ‖B22‖2 ‖C−111 ‖2

, 1 ≤ j ≤ r.(20)

Proof. The proof proceeds in four steps.

Proof of (17) The symmetric positive semi-definiteness of C12 and Weyl’s monotonicity theorem [HJ13,
Corollary 4.3.3] imply

λj(B) ≥ λj(B̂), 1 ≤ j ≤ n.

Now we concentrate on the eigenvalues of B̂, and abbreviate λ̂n−r+j ≡ λn−r+j(B̂), 1 ≤ j ≤ r.

Proof of (19) Apply the Cauchy interlace theorem [Par80, Section 10.1] to B̂,

λ̂n−r+j ≤ λj(B22) ≤ λmax(B22) = ‖B22‖2, 1 ≤ j ≤ r.

Combining this with the assumption ‖B22‖2 < λmin(C11) shows

λ̂n−r+j ≤ ‖B22‖2 < λmin(C11), 1 ≤ j ≤ r.

Hence C11 − λ̂n−r+j I is nonsingular, which holds in particular if λ̂n−r+j < 0.

10



Proof of (18) To derive the expression for λ̂n−r+j , apply the proof of Lemma 3 to the eigenvalues of
B̂. This proof relies only on the signs of eigenvalues of shifted matrices, and does not require positive
semi-definiteness of the host matrix B̂.

Proof of (20) Fix some 1 ≤ j ≤ r for the inverse in (18). Then factor out C−111 ,

(C11 − λ̂n−r+j I)−1 = C−111 D where D ≡ (I − λ̂n−r+j C−111 )
−1,

and take norms, ∥∥∥(C11 − λ̂n−r+j I)−1
∥∥∥
2
≤ ‖C−111 ‖2 ‖D‖2.

To bound ‖D‖2, consider the eigenvalue decomposition C11 = WΛW T , where W is an orthogonal matrix,
and the diagonal matrix

Λ = diag
(
γ1 · · · γn−r

)
∈ R(n−r)×(n−r)

has positive diagonal elements γ` > 0. ThusD has an eigenvalue decompositionD = W (I−λ̂n−r+j Λ−1)−1W T

with eigenvalues

λ`(D) = 1/

(
1− λ̂n−r+j

γ`

)
, 1 ≤ ` ≤ n− r.

Case 1: If λ̂n−r+j ≥ 0, then (19) implies

0 ≤ λ̂n−r+j
γ`

≤ ‖B22‖2
λmin(C11)

= ‖B22‖2‖C−111 ‖2 < 1, 1 ≤ ` ≤ n− r.

Hence

‖D‖22 = max
1≤`≤n−r

|λj(D)| ≤ 1

1− ‖B22‖2‖C−111 ‖2
.(21)

Case 2: If λ̂n−r+j < 0, then γ` > 0 and (19) imply

1− λ̂n−r+j
γ`

= 1 +
| λ̂n−r+j |

γ`
> 1 > 1− ‖B22‖2‖C−111 ‖2, 1 ≤ ` ≤ n− r.

Again, as in (21) we conclude

‖D‖22 = max
1≤`≤n−r

|λj(D)| ≤ 1

1− ‖B22‖2‖C−111 ‖2
.

Since we fixed an arbitrary j to show (20), it holds for all 1 ≤ j ≤ r.

The subsequent lower bounds are informative if the offdiagonal part has small norm. We start with an
extension of Theorem 3.

Theorem 6 (First lower bound). Let B ∈ Rn×n be symmetric positive semi-definite with rank(B) ≥ n− r
for some r ≥ 1, and partition

B =

[
B11 B12

BT
12 B22

]
where B11 ∈ R(n−r)×(n−r), B22 ∈ Rr×r.

If ‖B22‖2 < λmin(B11) then λn−r+j(B) ≥ λj(Zj), 1 ≤ j ≤ r, where

Zj ≡ B22 −BT
12B

−1
11 B12 − ‖B22‖2 BT

12B
−1
11 (I − λn−r+j(B)B−111 )

−1B−111 B12.

11



Proof. Abbreviate λ̃n−r+j ≡ λn−r+j(B), 1 ≤ j ≤ r. As in the proof of Theorem 3, apply the Sherman-
Morrison formula [GV13, Section 2.1.4]

(B11 − λ̃n−r+j I)−1 = B−111 + λ̃n−r+j B
−1
11 (I − λ̃n−r+j B

−1
11 )
−1B−111 ,

and substitute the above into the expressions for

λ̃n−r+j = λj(M j), 1 ≤ j ≤ r(22)

from Lemma 3 where

M j ≡ B22 −BT
12(B11 − λ̃n−r+j I)−1B12

= B22 −BT
12B

−1
11 B12 − λ̃n−r+jBT

12B
−1
11 (I − λ̃n−r+jB

−1
11 )
−1B−111 B12.

From (14) follows the Loewner bound

M j � Zj ≡ B22 −BT
12B

−1
11 B12 − ‖B22‖2 BT

12B
−1
11 (I − λ̃r+jB

−1
11 )
−1B−111 B12.

This and (22) imply λ̃n−r+j = λj(M j) ≥ λj(Zj), 1 ≤ j ≤ r [HJ13, Corollary 7.7.4].

The slightly weaker bound below extends Theorem 4 and focusses on a ’dominant’ part of B11. This
establishes the connection to Theorem 8, where B represents the perturbed matrix and the low order terms
in B11 are captured by C11.

Theorem 7 (Second lower bound). Let B ∈ Rn×n be symmetric positive semi-definite with rank(B) ≥ n−r
for some r ≥ 1, and partition

B =

[
B11 B12

BT
12 B22

]
where B11 ∈ R(n−r)×(n−r), B22 ∈ Rr×r.

If B11 = C11 + C12 where C11 is symmetric positive definite with λmin(C11) > ‖B22‖2, and C12 is
symmetric positive semi-definite, then

λn−r+j(B) ≥ λj
(
B22 −BT

12C
−1
11 B12

)
− ‖B22‖2 ‖C−111 B12‖22

1− ‖B22‖2 ‖C−111 ‖2
, 1 ≤ j ≤ r.

Proof. Define

B̂ ≡
[
C11 B12

BT
12 B22

]
,

and abbreviate λ̂n−r+j ≡ λn−r+j(B̂), 1 ≤ j ≤ r. From (18) in Lemma 4 follows

λn−r+j(B) ≥ λ̂n−r+j = λj

(
B22 −BT

12(C11 − λ̂n−r+j I)−1B12

)
, 1 ≤ j ≤ r,

We proceed as in the proof of Theorem 6, and apply the Sherman-Morrison formula [GV13, Section 2.1.4],

(C11 − λ̂n−r+j I)−1 = C−111 + λ̂n−r+j C
−1
11 (I − λ̂n−r+j C

−1
11 )
−1C−111 ,

and (19) to the expression for

λ̂n−r+j = λj(M j), 1 ≤ j ≤ r,(23)

from Lemma 4, where

M j ≡ B22 −BT
12(C11 − λ̂n−r+j I)−1B12, 1 ≤ j ≤ r

= B22 −BT
12C

−1
11 B12 − λ̃n−r+jBT

12C
−1
11 (I − λ̃n−r+j C

−1
11 )
−1C−111 B12.

12



From (19) and (20) follows the lower bound

M j � B22 −BT
12C

−1
11 B12 − ‖B22‖2 BT

12C
−1
11 (I − λ̃r+j C

−1
11 )
−1C−111 B12

� Z ≡ B22 −BT
12C

−1
11 B12 −

‖B22‖2 ‖C−111 B12‖22
1− ‖B22‖2 ‖C−111 ‖2︸ ︷︷ ︸

γ

I, 1 ≤ j ≤ r.

Thus, M j � Z, 1 ≤ j ≤ r. The Loewner properties [HJ13, Corollary 7.7.4] imply the same for the
eigenvalues, λj(M j) ≥ λj(Z), 1 ≤ j ≤ r. Combine this with the well conditioning of eigenvalues [GV13,
Theorem 8.1.5],

λ̃n−r+j = λj(M j) ≥ λj(Z) ≥ λj(B22 −BT
12B

−1
11 B12)− γ, 1 ≤ j ≤ r.

Theorem 7 reduces to Theorem 4 for r = 1, and to Theorem 6 for C12 = 0.

3.2 A lower bound for a cluster of smallest singular values
We extend the bound for a single smallest singular value in section 2.2 to a cluster of smallest singular values.
The resulting lower bound for the cluster of perturbed smallest singular values (Theorem 8) is based on the
eigenvalue bounds in section 3.1, and expressed in terms of normwise absolute perturbations. We start with
a summary of all assumptions (Assumptions 3.1), and end with a discussion of their generality (Remark 3.1).

Assumptions 3.1. Let A ∈ Rm×n with m ≥ n have rank(A) ≥ n − r for some r ≥ 1. Let A = UΣV T

be a full singular value decomposition, where Σ ∈ Rm×n is diagonal, and U ∈ Rm×m and V ∈ Rn×n are
orthogonal matrices. Partition commensurately,

Σ =

Σ1 0
0 Σ2

0 0

 , E = U

E11 E12

E21 E22

E31 E32

V T ,

where Σ1 ∈ R(n−r)×(n−r) is nonsingular diagonal, and Σ2 ∈ Rr×r is diagonal.

This bound below extends Theorem 5, and reduces to it for r = 1.

Theorem 8. Let A,E ∈ Rm×n satisfy Assumptions 3.1. If 1/‖Σ−11 ‖2 > 4‖E‖2 and ‖Σ2‖2 < ‖E‖2, then

σn−r+j(A+E)2 ≥ λj(ET
32E32 + (Σ2 +E22)

T (Σ2 +E22)−R3)− r4, 1 ≤ j ≤ r,

where R3 contains terms of order 3

R3 ≡ ET
12W +W TE12, W ≡ (Σ1 +E11)

−T [E21 ET
31

] [Σ2 +E22

E32

]
and r4 contains terms of order 4 and higher,

r4 ≡ ‖W ‖22 + 4
‖E‖22 ‖(Σ1 +E11)

−1(E12 +W )‖22
1− 4‖E‖22‖(Σ1 +E11)−1‖22

.

Proof. We square the singular values of A+E and consider the eigenvalues of the perturbed matrix

B ≡ (A+E)T (A+E) = V

[
B11 B12

BT
12 B22

]
V T

where

B11 = (Σ1 +E11)
T (Σ1 +E11)︸ ︷︷ ︸

C11

+ET
21E21 +ET

31E31︸ ︷︷ ︸
C12

(24)

B22 = ET
12E12 + (Σ2 +E22)

T (Σ2 +E22) +ET
32E32

B12 = (Σ1 +E11)
TE12 +ET

21(Σ2 +E22) +ET
31E32.

(25)
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From σmin(Σ1) > 4‖E‖2 follows that C11 is symmetric positive definite, while C12 is symmetric positive
semi-definite and contains only second order terms. Abbreviate λ̃n−r+j ≡ λn−r+j(B) = σn−r+j(A + E)2,
1 ≤ j ≤ r.

The proof proceeds in two steps:

1. Confirming that C11 satisfies the assumptions of Theorem 7.

2. Deriving the lower bounds for λ̃n−r+j from Theorem 7.

1. Confirm that C11 satisfies the assumptions of Theorem 7 We show that λmin(C11) > ‖B22‖2,
by bounding ‖B22‖2 from above and λmin(C11) from below.

Regarding the upper bound for ‖B22‖2, the expression for B22 in (25) and the assumption ‖Σ2‖2 < ‖E‖2
imply

‖B22‖2 =
∥∥∥[ET

12 (E22 + Σ2)
T ET

32

]T∥∥∥2
2
≤ (‖Σ2‖2 + ‖E‖2)2 ≤ 4‖E‖22.(26)

Regarding the lower bound for λmin(C11), view C11 = (Σ1 +E11)
T (Σ1 +E11) as a singular value problem,

so that λmin(C11) = σmin(Σ1 + E11)
2. The well-conditioning of singular values [GV13, Corollary 8.6.2]

implies
|σmin(Σ1 +E11)− σmin(Σ1)| ≤ ‖E11‖2 ≤ ‖E‖2.

Adding the assumption σmin(Σ1) = 1/‖Σ−11 ‖2 > 4‖E‖2 gives

σmin(Σ1 +E11) ≥ σmin(Σ1)− ‖E‖2 > 4 ‖E‖2 − ‖E‖2 = 3‖E‖2.

Now combine this lower bound for λmin(C11) with (26),

λmin(C11) = σmin(Σ1 +E11)
2 > 9‖E‖22 > 4‖E‖22 ≥ ‖B22‖2.

Hence λmin(C11) > ‖B22‖2, and C11 satisfies the assumptions of Theorem 4.

2. Derive the lower bounds for λ̃n−r+j from Theorem 7 In these bounds,

λ̃n−r+j ≥ λj(S)−
‖B22‖2 ‖C−111 B12‖22
1− ‖B22‖2 ‖C−111 ‖2

, S ≡ B22 −BT
12C

−1
11 B12,(27)

the key term is C−111 B12. Insert the expression for B12 from (25),

(Σ1 +E11)
−TB12 = E12 + (Σ1 +E11)

−T
(
ET

21(Σ2 +E22) +ET
31E32

)
= E12 +W .(28)

Combine the expression for C11 from (24) with the above,

C−111 B12 = (Σ1 +E11)
−1 (Σ1 +E11)

−TB12︸ ︷︷ ︸
E12+W

= (Σ1 +E11)
−1(E12 +W )(29)

Multiply the above by BT
12 on the left, and use (28),

BT
12C

−1
11 B12 = BT

12(Σ1 +E11)
−1(Σ1 +E11)

−TB12

= (E12 +W )T (E12 +W ) = ET
12E12 +ET

12W +W TE12 +W TW .

Substitute the above, and B22 from (25) into S from (27),

S = ET
12E12 + (Σ2 +E22)

T (Σ2 +E22) +ET
32E32

− (ET
12E12 +ET

12W +W TE12 +W TW )

= ET
32E32 + (Σ2 +E22)

T (Σ2 +E22)−R3 −W TW .
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The well conditioning of eigenvalues [GV13, Theorem 8.1.5] implies

λj(S) ≥ λj(ET
32E32 + (Σ2 +E22)

T (Σ2 +E22)−R3)− ‖W ‖22.(30)

Substitute the bound for ‖B22‖2 from (26), and (28) into the second summand of (27),

‖B22‖2 ‖C−111 B12‖22
1− ‖B22‖2 ‖C−111 ‖2

≤ 4
‖E‖22 ‖(Σ1 +E11)

−1(E12 +W )‖22
1− 4‖E‖22‖(Σ1 +E11)−1‖22

.(31)

At last insert (30) and (31) into (27).

Remark 3.1. The assumptions in Theorem 8 are not restrictive. Only a small gap of 3‖E‖2 is required to
separate the small singular value cluster of A from the remaining singular values,

‖Σ2‖2 < ‖E‖2 < 4‖E‖2 ≤ 1/‖Σ−11 ‖2.

4 Probabilistic componentwise relative perturbations
We consider componentwise relative perturbations based on independent uniform random variables, and
derive an expression for the expectation of a sum of squared perturbed singular values (Theorem 9), which
can also be interpreted as a relative perturbation of the Frobenius norm of a perturbed matrix (Remark 4.1)
and leads to a probabilistic expression for a perturbed cluster of small singular values (Corollary 10).

We denote by εlower the unit roundoff of the lower precision to which the matrix is demoted; and by aij
element (i, j) of the matrix A.

Theorem 9. Let A,F ∈ Rm×n where m ≥ n, and the elements of F are independent random variables with

(32) fij ≡ εlower aij ωij , ωij ∈ U(−1, 1), 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Then

E

 n∑
j=1

σj(A+ F )2

 =

n∑
j=1

σj(A)2 +
ε2lower
3
‖A‖2F .

Proof. The linearity of the trace implies

n∑
j=1

σj(A+ F )2 = trace
(
(A+ F )T (A+ F )

)
= trace(ATA) + 2 trace(ATF ) + trace(F TF )

=

n∑
j=1

σj(A)2 + 2 trace(ATF ) + trace(F TF ).

From the expressions for the elements of F in (32) follows

trace(ATF ) =

n∑
j=1

m∑
i=1

aijfij = εlower

n∑
j=1

m∑
i=1

a2ijωij

trace(F TF ) =

n∑
j=1

m∑
i=1

f2ij = ε2lower

n∑
j=1

m∑
i=1

a2ijω
2
ij .

Hence
n∑
j=1

σj(A+ F )2 =

n∑
j=1

σj(A)2 + 2εlower

n∑
j=1

m∑
i=1

a2ijωij + ε2lower

n∑
j=1

m∑
i=1

a2ijω
2
ij
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Take the expectation of the above expression, and apply E[ωij ] = 0 and E[ω2
ij ] =

1
3 to obtain

E

 n∑
j=1

m∑
i=1

a2ijωij

 = 0, E

 n∑
j=1

m∑
i=1

a2ijω
2
ij

 = 1
3

n∑
j=1

m∑
i=1

a2ij =
1
3‖A‖

2
F .

Remark 4.1. Theorem 9 implies that the componentwise perturbation of a matrix induces a relative pertur-
bation of its Frobenius norm,

E
[
‖A+ F ‖2F

]
=

(
1 +

ε2lower
3

)
‖A‖2F .

We model the situation where A has two singular value clusters: a cluster of r large singular values, and
a cluster of n− r very small singular values, under the assumption that the perturbation is sufficiently small
to preserve the average large singular value.

Corollary 10. Under the conditions of Theorem 9 assume that

σr(A) > σr+1(A), E

 r∑
j=1

σj(A+ F )2

 =

r∑
j=1

σj(A)2,

and define the cluster averages of the small singular values as

σsmall(A)2 ≡ 1

n− r

n∑
j=r+1

σj(A)2,

σsmall(A+ F )2 ≡ 1

n− r

n∑
j=r+1

σj(A+ F )2.

Then

E[σsmall(A+ F )2] = σsmall(A)2 +
ε2lower

3(n− r)
‖A‖2F .

Proof. Inserting the assumption E
[∑r

j=1 σj(A+ F )2
]
=
∑r
j=1 σj(A)2 into the expectation from Theorem 9

gives

E

 n∑
j=r+1

σj(A+ F )2

 =

n∑
j=r+1

σj(A)2 +
ε2lower
3
‖A‖2F .

At last divide both sides by n− r.

If the small singular values of A are sufficiently small with σsmall(A) = O(ε2lower); and there are only a
few of them, r / n; and A is well conditioned with ‖A‖F � 1/εlower, then Corollary 10 suggests that the
perturbation significantly increases the small singular values,

E[σsmall(A+ F )2] = O(ε2lower).

5 Numerical experiments
We present numerical experiments to illustrate that demotion to lower precision can increase small singular
values, thus confirming that our bounds in sections 2 and 3 are informative models for the effects of reduced
arithmetic precision.

After describing the algorithms for computing the singular values (Section 5.1), we present the numerical
experiments (Section 5.2).
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5.1 Generation and computation of singular values
The code for the numerical experiments consists of two algorithms: Algorithm 2 in Appendix A generates the
exact singular values Σ, while Algorithm 1 generates the matrix A ∈ Rm×n from Σ in double precision, and
then computes the singular values of A, and those of the lower precision versions single(A), and half(A).

The n singular values Σ generated by Algorithm 2 consist of two clusters: a cluster Σ1 of large singular
values, and a cluster Σ2 of small singular values. Each cluster is defined by the following input parameters:
the number of singular values; the smallest and largest singular value; and the gap between the two clusters.

Specifically, cluster Σ1 consists of k1 > 0 singular values, the largest one being 10s1 and the smallest one
being 10s1−d1 . Here d1 ≥ 0 controls the distance between smallest and largest singular value. If d1 > 0 and
k1 > 2, then the interior singular values of Σ1 are sampled uniformly at random in the interval [10s1−d1 , 10s1 ].

The parameter g controls the gap 10g between the clusters. Cluster Σ2 consists of k2 ≡ n − k1 ≥ 0
singular values, the largest one being 10s1−d1−g, and the smallest one being 10s1−d1−g−d2 , where d2 ≥ 0
controls the distance between smallest and largest singular value in cluster Σ2. If d2 > 0 and k2 > 2, then
the interior singular values of Σ2 are sampled uniformly at random in the interval [10s1−d1−g−d2 , 10s1−d1−g].

5.2 Numerical results and discussion
In accordance with our bounds in sections 2 and 3, we present experiments for a single smallest singular
value (section 5.2.1) and for a cluster of small singular values (section 5.2.2).

The matrices A ∈ Rm×n have rank(A) = n with m = 4, 096 and n = 256. Changing the matrix
dimensions while keeping the aspect ratio m/n constant does not change our conclusions. Figures 1–5 show
the exact singular values, and the singular values computed in double, single, and half precision, with the
exact increase in the smallest singular values listed in Table 1.

min(Σ) min(Σd) min(Σs) min(Σh)
Figure 1 10−3 10−3 10−3 7× 10−3

Figure 2 10−5 10−5 5× 10−4 3× 101

Figure 3 10−4 10−4 7× 10−4 5× 100

Figure 4 10−7 10−7 5× 10−5 3× 10−1

Figure 5 10−7 10−7 4× 10−4 3× 100

Table 1: Smallest singular values in Figures 1–5: exact (Σ); and double (Σd), single (Σs) and half (Σh)
precisions.

5.2.1 A single smallest singular value

We present experiments to illustrate that demotion to lower precision can increase the smallest singular value,
thus confirming that Theorem 5 represents a proper qualitative model for the effects of reduced arithmetic
precision. In Figures 1–2, the small singular value cluster Σ2 consists of a single singular value, while the
large singular value cluster Σ1 contains 255 singular values.

Figure 1 The cluster Σ1 contains 255 distinct singular values in the interval [10−2, 102], while Σ2 contains
the single singular value 10−3. The singular values in double and single precision are identical to the exact
singular values. However, in half precision the smallest singular value has increased by almost an order of
magnitude to 7× 10−3.

Figure 2 The cluster Σ1 contains 255 distinct singular values in the interval [10−3, 106], while Σ2 contains
the single singular value 10−5. The singular values in double precision are identical to the exact singular
values. In single precision, the smallest singular value has increased a bit, to 5×10−4, while in half precision
it has increased by five orders of magnitude, to 33.6.
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5.2.2 A cluster of small singular values

We present experiments to illustrate that demotion to lower precision can increase the smallest singular
value cluster, thus confirming that Theorem 8 represents a proper qualitative model for the effects of reduced
arithmetic precision. In Figures 3–4, the small singular value cluster Σ2 contains 28 singular values, while
the large singular value cluster Σ1 contains 228 singular values.

Figure 3 The cluster Σ1 contains 228 distinct singular values in the interval [10, 105], while Σ2 contains
28 singular values in the interval [10−4, 10−1]. The singular values in double precision are identical to the
exact singular values. In single precision, the smallest singular value of Σ2 has increased by two orders
of magnitude, from 10−4 to 7 × 10−7, while in half precision it has increased by more than four orders of
magnitude, to about 5.

Figure 4 The cluster Σ1 contains 228 distinct singular values in the interval [10−3, 104], while Σ2 contains
28 singular values in the interval [10−7, 10−4]. The singular values in double precision are identical to the
exact singular values. In single precision, the smallest singular value of Σ2 has increased by an order of
magnitude, from 10−7 to 5 × 10−5, while in half precision it has increased by four orders of magnitude to
about 3× 10−1.

Figure 5 The cluster Σ1 contains 228 distinct singular values in the interval [10−4, 105], while Σ2 contains
28 singular values in the interval [10−6, 10−7]. The singular values in double precision are identical to the
exact singular values. In single precision the smallest singular value of Σ2 has increased by more than two
orders of magnitude, from 10−7 to 4× 10−4, and in half precision by seven orders of magnitude to about 3.
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Figure 1: The matrix A ∈ R4096×256 has 255 distinct singular values in [10−2, 102], and a single small
singular value 10−3. All panels: Double precision singular values (squares). Left: Exact singular values
(triangles). Middle: Single precision singular values (stars). Right: Half precision singular values (circle).
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Figure 2: The matrix A ∈ R4096×256 has 255 distinct singular values in [10−3, 106], and a single small
singular value 10−5. All panels: Double precision singular values (squares). Left: Exact singular values
(triangles). Middle: Single precision singular values (stars). Right: Half precision singular values (circle).
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Figure 3: The matrix A ∈ R4096×256 has 228 distinct singular values in [10, 105], and 28 distinct singular
values in [10−4, 10−1]. All panels: Double precision singular values (squares). Left: Exact singular values
(triangles). Middle: Single precision singular values (stars). Right: Half precision singular values (circle).
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Figure 4: The matrix A ∈ R4096×256 has 228 distinct singular values in [10−3, 104], and 28 distinct singular
values in [10−7, 10−4]. All panels: Double precision singular values (squares). Left: Exact singular values
(triangles). Middle: Single precision singular values (stars). Right: Half precision singular values (circle).
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Figure 5: The matrix A ∈ R4096×256 has 228 distinct singular values in [10−4, 105], and 28 distinct singular
values in [10−6, 10−7]. All panels: Double precision singular values (squares). Left: Exact singular values
(triangles). Middle: Single precision singular values (stars). Right: Half precision singular values (circle).
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6 Future Work
The previous sections investigate the change in the computed singular values of a full column-rank matrix
A after it has been is demoted to a lower arithmetic precision. Our deterministic and probabilistic lower
bounds in Theorems 1 and 2 represent a qualitative model for the increase in the smallest singular values of
the perturbed matrix A+E, which is confirmed by the experiments in section 5.]

Future work will consist of a quantitative analysis to determine the exact order of magnitude of the
increase in the small singular values and the structural properties of A that can contribute to it, including
specifically the size of the gap that separates the small singular values from the larger singular values; and
the condition number of A with respect to left inversion. In addition, the influence of the third order
perturbation terms needs to be investigated, as they might possibly become dominant for ill-conditioned
matrices A.
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A Algorithms
We present pseudo codes for two algorithms: The function create_sigmas in Algorithm 2 computes the
singular values Σ according to the specifications in the input parameters params. Algorithm 1 constructs A
from Σ in double precision, and then computes the singular values Σd of A, Σs of single(A), and Σh of
half(A). If d1 = 0 or d2 = 0 in Algorithm 2, then the cluster Σ1 or Σ2 consists of a single singular value of
multiplicity k1 or k2, respectively.

Algorithm 1 Singular values of A, single(A) and half(A)

Input: Large matrix dimension m, params
Output: Singular values of A in double, single, half precision

Σ← create_sigmas(params) {Exact singular values}
n← length(Σ) {Small dimension of A}
[U ,S,V ]← SVD(randn(m,n)) {Left and right singular vectors for A}
A← UΣV T {Compute A in double precision}
Σd ← SVD(A) {Singular values of double precision A}
Σs ← SVD(double(single(A)) {Singular values of single precision A}
Σh ← SVD(double(half(A)) {Singular values of half precision A}
return Σ, Σd, Σs, Σh
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Algorithm 2 Exact singular values: function create_sigmas
Input: params = {s1, g, k1, k2, d1, d2}
Output: Exact singular values Σ

Σ← zeros(k1 + k2, 1) {Initialize vector of all singular values}
Σ1 ← zeros(k1, 1) {Initialize cluster of large singular values}
Σ2 ← zeros(k2, 1) {Initialize cluster of small singular values}
Σ1(1)← 10s1 {Largest singular value}

if k1 > 1 then
Σ1(k1)← 10s1−d1 {Smallest singular value in Σ1}

end if
{Uniform sampling of interior singular values in cluster Σ1}
for j = 2 : k1 − 1 do

Σ1(j)← Uniform([Σ1(k1),Σ1(1)])
end for
Σ2(1)← 10s1−d1−g {Largest singular value in Σ2}
if k2 > 1 then

Σ2(k2)← 10s1−d1−g−d2 {Smallest singular value in Σ2}
end if
{Uniform sampling of interior singular values in cluster Σ2}
for j = 2 : k2 − 1 do

Σ2(j)← Uniform([Σ2(k2),Σ2(1)])
end for
Σ← [Σ1,Σ2] {Concatenate the two singular value clusters}
return sort(Σ) {Return sorted singular values in non-ascending order}
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