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Motivation

Quantum Physics
Small eigenvalues of large Hamiltonians

Quasi-Sparse Eigenvector Method (QSE)
[Lee, Salwen & Lee 2001]

QSE computes Ritz values of leading principal
submatrices

Ritz values surprisingly accurate
Why?



Example

H:(mO 6) 0<e<1
€ 1

QSE approximates \; ~ 1 by Ritz value 100

We want: [100 — \{| < 7
But Ritz value bound gives only:

1100 — Mo < e (N & 100)



Existing Ritz Value Bounds

Hy1  Hi
H = .
(le Hao

There exist eigenvalues A, of H such that

) Hermitian

N (Hi) — A | < |[Haz|

No control over which eigenvalues
approximated

No exploitation of small eigenvector elements



Literature: Hermitian Matrices

Kahan 1967, Parlett 1980
Residual bounds for clustered Ritz values

Kaniel 1966, Saad 1980,
Sleijpen, Van Den Eshof & Smit 2002
A priori bounds in terms of subspace angles

Drmac & Hari, 1997
Relative bounds for semi-definite matrices

Kuljlaars, 2000
Asymptotic bounds, potential theory




Literature: Non-Hermitian Matrices

Jia & Stewart 2001
A priori bounds In terms of subspace angles

A priori bounds for Krylov space methods
(Lanczos, GMRES, FOM)

Disadvantages
Bounds don’t target specific eigenvalues
Bounds don’t exploit structure of eigenvectors



Overview

(Algebraically) Smallest Eigenvalue
Quasi-Sparsity

Hermitian Matrices

Hermitian Tridiagonal Matrices

Relative Bound for Hermitian Matrices

Several Eigenvalues
(Partially) Hermitian Matrices
Real Eigenvalues or Ritz Values
General Complex Matrices



“Quasi-Sparsity

Hv = \v

H H
7 11 12) _ <
<H21 Hos v

Quasi-sparsity of eigenvector v

(two norm)

If v = 0then p = oc



Hermitian Ritz Value Bounds

Hv = Xv A smallest eigenvalue, distinct
_ (Hn H12> _ <U1>
"= (Hfz Hys T

For smallest eigenvalue 6, of Hi;:

0< 60— M <|Huwlflp p= ol



Example

H:<1OO 6) p§99+e

€ 1 €

0 <100 — A <99 + €

Upper bound as good as Weyl's theorem:

99 — e <100 — A1 <99 + ¢




"Hermitian Matrices

Hv = \v
Hy, H12> (711)
H — * p—
<H12 Hos v Vs
I ||uo|| <||or]| then
01 — M| <|| Hi2]

Smallest Ritz value good approximation to smallest
eigenvalue, If eigenvector quasi-sparse




Hermitian Tridiagonals

Tv = \v
(% * )
x k%
T = oro unreduced
kK ok
x k%
\ * %)

A1 distinct, all elements of v are non-zero
0, distinct



Quasi-Sparsity for Tridiagonals

(* * ) [ o)
X k% *
B ok % | Vm
1= k% ok ’ v Vm+1
ok % *
% %)

\ k)

U1
T = [Vl [Vimaa| /||| *




Quasi-Sparsity for Tridiagonals

Determined by leading m + 1 components of
eigenvector

Stronger than quasi-sparsity for dense
matrices: 7 < p

T < oo for unreduced tridiagonals

—> Stronger Ritz value bounds for tridiagonals




Ritz Value Bounds for Tridiagonals

Tv = \v
(% % )
% k%
_ * % 0
1= Box
x k%
\ * % )
Then



‘Tightness of Ritz Value Bound

(91—)\126‘6m‘7' 0<c<1

- How small can c be?

- :'777’:1 ‘6] Ce 6m—1 det(>\1] — er—1>‘2

N \det()q[ — Tm_1>‘ ‘)\1 — 92‘ "o ‘)\1 — Qm‘




Example: Toeplitz Matrices

(a (3 )
T = g oo 5 >0
\ 6 «a)
Exacterror: 6, — A\ =~ (mLH)Q

Ourbound: 37~ (5~

Bound shows correct tendency: error decreases
with 8 and 1/m



“Hermitian Tridiagonals

Tv = \v
If |V | |V | <||| then
ﬁ Um,
‘91 — )\1‘<<‘6m‘

Smallest Ritz value ~ smallest eigenvalue,
if mth and (m + 1)st eigenvector components small




Relative Hermitian Bound

Hv = \v

Then
91—)\1

<|[Hy'Huollp  p=
01 |1

provided || H;'Hisl| p < 1



Simultaneous Bounds

Any m distinct eigenvalues of H: ;...\,

m™m
_m ( Hyy H12)
H = <H21 Hao
Eigenvalues of Hy1: 64...0,,
Eigenvectors V = (v; ... v, )= (“g)

One-to-one matching of eigenvalues & Ritz values



(Partially) Hermitian Matrices

If H{; Hermitian and \;{ < --- < A\, then

. 1/2
(zl wj—w) < V3| Hallr VoV
v

Quasi—sparsity

where 6; < ... <46,

Known ordering of eigenvalues & Ritz values



Real Ritz Values

If A{... )\, distinctand §; < --- < 0,,, then

- 1/2
(zl \ej—w) < VI R(W) [Halr [VaVi ]
v

Quasi—sparsity

where (A1) < ... < R(\,)
k(W) = ||[W] ||[W~t|| where W Ritz vector matrix

Hy+ E=VIAV  ||E] < [[Huaol |[VaVi7



Advantages of Bound

Quasi-Sparsity || VoV |

No condition number of eigenvectors V'

If V' quasi-sparse then H;; close to
matrix with eigenvectors V; and eigenvalues A

Known ordering of eigenvalues & Ritz values
Computable condition number « (1)



General Matrices

If A1... )\, distinctand 6, ...6,, distinct then
for some permutation o(-)

- 1/2
(zlwa@—AJF) < Vi) Hulle VoV

Quasi—sparsity

One-to-one matching: eigenvalues < Ritz values



Real Eigenvalues

If A\ < --- < A\, then

- 1/2
(Zl 0 — )‘j‘Q) < V2| Hullr Vo] [V
iz ~

Quasi—sparsity
where R(6;) < --- < R(0,,)

No condition number for Ritz vectors
Known ordering: eigenvalues & Ritz values
But: Weaker quasi-sparsity



General Matrices

If Ay ...\, distinct then for some permutation o ()

- 1/2
(zl 0,0) w) < i | Haalle [Vall 1V

Quasi—sparsity

One-to-one matching: eigenvalues < Ritz values




Summary

f elgenvector quasi-sparse then
Ritz value ~ eigenvalue

Hermitian matrices:
absolute & relative bounds for smallest
eigenvalue

General matrices:
one-to-one matching bounds for several
eigenvalues

Only one eigenvector condition number
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