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Characteristic Polynomials

n X n complex matrix A

detMl —A) = A"+ A" Lo e A

c1 = — trace(A) cn = (—1)"det(A)

Application (Dean Lee, NCSU)

Thermodynamic properties of systems of fermions
Z, = (—1)*cy is partition function



Perturbation Bounds

n X n complex matrices A and A + E

detMl —A) = XN+ A" 1+ it A+
det(AMl — (A+E)) = A" +&A" 14+ & 1A+ &

@ Trace:
|€1—c1| = | trace(A+E)—trace(A)| = | trace(E)| < n||E||2
@ Determinant:
|€y — cn| = | det(A + E) — det(A)| <7

@ Other coefficients:

Bound |& — ck| by means of results for determinants



Existing Bounds for Determinants
o Friedland 1982, Bhatia 1987
| det(A+E)—det(A)| < n max{[|A[lp, [|A + E[[,}" " [[E[|,

Proof: Fréchet derivatives of wedge products

@ Godunov, Antonov, Kiriljuk & Kostin 1988
If n||[A=1]2]|E|]l2 < 1 then

|det(A +E) —det(A)| _  nf|A~"||;

< IIE[l2
| det(A)| 1 — n||A=1]|2[E]]2

@ Our idea:

Use determinant expansions of diagonal matrices



Determinant Expansion of Diagonal Matrices

o1 €11 €12 €13
= 02 = |€a1 €22 €23
o3 €31 €32 €33

Expansion:

det(A + E) = det(A) + Sy + Sz + det(E)

where

e e e e e e
S1 = o det 22 23 +o05 det 1 13 +o03 det 1 12
€32 €33 €31 €33 €21 €22

Sy = 0102e33 + 0103 €22 + 0203 €11



Determinant Expansion of Diagonal Matrices

o1

Expansion:

det(A + E) = det(A) +S1 + - -+ + Sh—1 + det(E)

where
Sk = > oy o det(Ei,. )
1<i1 < <ik<n
o, -+ o, product of k diagonal elements of A

det(E;,..i.)  principal minor of order n — k of E



Determinant Bounds for Diagonal Matrices

A=diag(a’1 0',,) o1>...20,2>0

| det(A + E) — det(A)| < |S1| + -+ + |Sn_1]| + |det(E)]

where

S| < Z oi, - - - 0, |det(Ei )|
1<i1 < <ik<n

Hadamard’s inequality:

| det(Eq..i,)] < [Eq.iI"™* < [EI"™* (2 norm)



Elementary Symmetric Functions

Sk < > oo ETT
1<i; <-+-<ik<n

kth elementary symmetric function of o1,...,0,

Sk = E Oj, * * * Oj

1<ii <+ <ik<n

If n =3 then
s1 = o01+02+03
S = 0102+ 0103 + 0201 + 0203 + 0301 + 0302

S3 = 010203

ISkl < sllE[I" "



Determinant Bound for Diagonal Matrices

@ Non negative diagonal matrix

A=diag(0'1 0'") o1>...20,2>0
@ Elementary symmetric functions of o1,...,0,
Sk = Z Oj; *** Oj,
1<ij <+ <ik<n

@ Determinant perturbation bound
| det(A) — det(A + E)| <
sa—t[[E[l + -+~ +st[|E[I"! + [[E|"
@ First order bound

| det(A) — det(A + E)| < s, 1[|E| + © (|E|]?)

where Sh—1 S noj...on—-1



Determinant Bound for General Matrices
@ Complex n X n matrix A with singular values

1> ...20,20

o Elementary symmetric functions of singular values

Sk = E Oj; *** Oj,

1<i; <---<ix<n
@ Determinant perturbation bound
| det(A) — det(A + E)| <
sa—t[[Ell + -+~ + st[|E[I" ! + [[E|"
@ First order bound
| det(A) — det(A + E)| < s, 1[|E|l + O (|[E|]?)

where s, 1 <noj...on_1



Derivative of Determinant

If x is a real scalar then

d
— det(A + xE)|x=0| < sn—1 ||E||
dx

where s, 1 <nojy...on_1

Local (absolute) condition number for determinant:
(n — 1)st elementary symmetric function of singular values



Relative Bound
If A is nonsingular then
1/det(A) = det(A1)
Determinant expansion of | + A—1E

det(A + E) — det(A)
det(A) N

Si+ -+ Sa_1 + det(A1E)

Minors

Sk = Z det((A_lE)ilmik)
1<i1 < <ik<n
Relative perturbation bound
| det(A + E) — det(A)|
| det(A)|

< (I el +1)" —1



Coefficients of Characteristic Polynomial
n X n complex matrices A and A + E

det Ml —A) = XN+ A" 1+t A+c
det(Ml — (A+E)) = A"+&A" 1+ .+ & 1A+ &

Friedland 1982, Bhatia 1987

~ n —
= ad < k() max{All, 1A + 1,3 1€,

Proof: Fréchet derivatives of wedge products



A Perturbed Coefficient

& = (—1)* Z det(A;,..i._ + Ei,..i._\)
1<iy <o <in_ i <n

@ Sum of (":) minors
o Each minor is determinant of matrix of order k
@ Apply determinant bound to each term

@ Bounds contain k largest singular values o1, ..., ok



Bound for Perturbed Coefficient

o Elementary symmetric function of k largest singular
values o1,...,0k

Sj(k) = Z Oiy « « - Oj;

1<ip <...<i;<k

@ Perturbation bound

- n k k

= ol < () (slEl +--- s8I + EF)
o First order bound

~ k
e - ad < ()5t 1+ OCEN?)

where s(kk_)1 <koi...0c1



Normal (or Hermitian) Matrices

@ Perturbation bound

€k —ck| < (n—k+1)se 1 [[E[| +---

n—1 n
E k—1 E k
(3 )l (e

@ Elementary functions in terms of all singular values
(not just the largest ones)

@ Binomial factors smaller than in general bound

o First order bound
& — ol < (n =k + D)1 [Ell + O (JIE|1?)

@ Normal (or Hermitian) matrices may have
better conditioned coefficients



Summary

Characteristic polynomial of n X n complex matrix A
det Ml —A) = A"+ A" 4+ b e A +

ck — elementary symmetric functions of eigenvalues

Perturbation bounds in terms of
elementary symmetric functions of singular values

Absolute local (first order) condition numbers

Normal (or Hermitian) matrices may have
better conditioned coefficients



